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Abstract 


We study the constraints imposed by superconformal symmetry, crossing symmetry, and 
unitarity for theories with four supercharges in spacetime dimension 2 < d < 4. We show how 
superconformal algebras with four Poincare supercharges can be treated in a formalism applicable 
to any, in principle continuous, value of d and use this to construct the superconformal blocks for 
any d < 4. We then use numerical bootstrap techniques to derive upper bounds on the conformal 
dimension of the first unprotected operator appearing in the OPE of a chiral and an anti-chiral 
superconformal primary. We obtain an intriguing structure of three distinct kinks. We argue 
that one of the kinks smoothly interpolates between the d — 2, J\f — (2, 2) minimal model with 
central charge c = 1 and the theory of a free chiral multiplet in d — 4, passing through the 
critical Wess-Zumino model with cubic superpotential in intermediate dimensions. 
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1 Introduction 


Recently, there has been a remarkable revival of interest in the 40-year-old conformal bootstrap 
idea [1-7]. The basic method, developed in [8], has now matured to the point where it is possi¬ 
ble to extract the spectrum of operator dimensions and Wilsonian operator product expansion 
(OPE) coefficients of particular conformal held theories (CFTs) with great accuracy [9-12], The 
ingredients for the bootstrap program are minimal, namely conformal symmetry, unitarity, and 
crossing symmetry of the four-point function. Strikingly, this is sufficient to derive highly non¬ 
trivial, non-perturbative constraints on the space of generic conformal held theories. Beginning 
with [13, 14], it has been shown that, as it is natural to expect, imposing additional symmetries 
on the CFT allows one to obtain even stronger constraints. A particularly interesting possibility 
is to consider supersymmetry. Supersymmetry leads to exact results for specihc quantities such 
as the dimensions of chiral operators. This is a nice complement to the conformal bootstrap ap¬ 
proach, which, although very powerful - it can determine and bound unprotected quantities - is 
a somewhat blunt instrument, since it addresses general properties for the space of all consistent 
conformal held theories. When supersymmetry is combined with the conformal bootstrap we 
expect an interesting interplay where exact information is used to restrict bootstrap searches to 
specihc theories or classes of theories whereupon one can obtain accurate information about the 
unprotected part of the spectrum. 

Bootstrap methods have been previously applied to theories with various amounts of super- 
symmetry. Theories with maximal supersymmetry are very constrained and thus particularly 
suited for analysis using bootstrap technology. This has been explored in four [15-18] and three 
[19] dimensions where various bounds on the spectrum of conformal dimensions and OPE coef¬ 
ficients were found. It turns out that theories with at least sixteen superconformal charges in 
various dimensions admit a remarkable algebraic structure which leads to the closure of the cross¬ 
ing equations on the space of certain protected operators. This was uncovered in [20] where it 
was shown that in four-dimensional CFTs with J\f = 2 supersymmetry one can solve analytically 
for correlation functions of some protected operators by exploiting an underlying chiral algebra. 
This feature was further explored to great efficacy in six [21], four [22, 23] and three dimensions 
[24], These analytic results can then be used as input to perform a numerical bootstrap analysis 
and obtain bounds on the spectrum of unprotected operators in these highly symmetric theories 
[25, 24], 

While theories with eight or more Poincare supercharges are quite rigid and possess deep 
mathematical properties, their dynamics is highly constrained. Thus it is worthwhile to explore 
theories with less supersymmetry, which are harder to control, but perhaps of greater phenomeno¬ 
logical interest. This motivates our study in this paper of CFTs with four Poincare supercharges 
(eight superconformal charges). Some of the first papers on the modern incarnation of the boot- 
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strap program studied Af = 1 SCFTs in d — 4 [13, 26, 27]. Very little has been done in two 
and three dimensions, a notable exception being the work in [28] which studied SCFTs with four 
superconformal charges in d — 3, i.e. CFTs with Af = 1 supersymmetry. 

In this paper, we aim to fill this gap by applying bootstrap methods to SCFTs with four 
Poincare supercharges in any dimension in the range 2 < d < 4. This corresponds to Af = (2, 2) 
and Af = 2 theories in d — 2 and d = 3, respectively, and to A/" = 1 SCFTs in d — 4. Moreover, 
one of the advantages of bootstrap methods is that they allow for a straightforward analytic 
continuation into fractional values of the spacetime dimension. This has been explored before in 
[29], where the numerical bootstrap results were successfully compared with analytic calculations 
for the Wilson-Fisher fixed point in d < 4. Here we follow a similar approach, tracking the four- 
supercharge version of the Wilson-Fisher fixed point from four to two dimensions. This CFT is 
simply the critical Wess-Zumino (cWZ) model, i.e. the theory of a single chiral superfield with 
cubic superpotential at its infrared fixed point. As compared to the non-supersymmetric case, we 
have a lot less room for error here, since the conformal dimension of the “spin” field is protected 
and equal to (d — l)/3 in any spacetime dimension d. Remarkably, we show that bounds on the 
dimension of the leading scalar operator in a chiral-antichiral OPE exhibit “kinks” (as in e.g. 
[9, 30]) at precisely this point for all 2 < d < 4. They range from the (2, 2) c = 1 supersymmetric 
minimal model in d = 2, where the numerical bootstrap agrees with various exact results, all the 
way to the free theory in d — 4. In d — 3, we find a kink at conformal dimension 2/3, and are 
able to read off the dimension of the leading unprotected scalar, which is approximately 1.9098. 
Also in d — 3, our bootstrap prediction for the two-point function of the stress-tensor is in close 
agreement with the exact localization calculation of [31]. Furthermore, for d < 4 our results for 
the dimension of the leading unprotected scalar agree with those of the one-loop e-expansion 
[32], This strongly suggests that in 3d our kink does indeed describe the super-Ising model. 
This theory is of some interest in condensed matter physics [33-36], and we perform a detailed 
analysis of its properties in a companion paper [37]. 

Part of the difficulty in bootstrapping supersymmetric theories lies in determining the form 
of the superconformal blocks. Supersymmetry organizes conformal into superconformal multi- 
plcts, and accordingly conformal blocks of primaries with different dimensions and spins also 
become grouped. The calculation of superconformal blocks for general external operators can 
be a cumbersome technical problem. In this paper, we find the superconformal blocks in theo¬ 
ries with four supercharges for external scalar superconformal primary operators with arbitrary 
scaling dimensions. A crucial ingredient is that at least two of these operators should be chiral 
primaries. Our approach is facilitated by the existence of a formal dimensional continuation of 
the superconformal algebra with four supercharges to arbitrary dimension d < 4. The commuta¬ 
tion relations for the ordinary conformal algebra formally make sense when we let the spacetime 
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vector indices run from 1 to d, since Jacobi identities can be verified without specializing to a 
fixed integer d. Here we show that this picture can be extended to include fermionic genera¬ 
tors, namely four Poincare supercharges and four conformal supercharges. We are able to write 
down (anti)commutation relations among all generators without specializing to a fixed d and 
demonstrate the validity of all super-Jacobi identities in an essentially dimension-independent 
way. The superconformal blocks can then be found in general d using the fact that they are 
eigenfunctions of the quadratic Casimir operator of this superconformal algebra. This method 
is similar to the way in which non-supersymmetric conformal blocks were found in [38]. Our 
general results reduce to previously studied cases, namely d — 2 and d — 4 [13, 39, 40]. Re¬ 
markably, we find that for any dimension, the superconformal blocks take the same functional 
form as ordinary, non-supersymmetric, blocks where the dimensions of external and propagating 
operators are shifted. This fact was also observed for d— 2,4 in [40]. 

We begin our exploration in the next section, where we describe a construction of the super¬ 
conformal algebras in d < 4 in a unified framework. This is necessary in order to properly define 
the Casimir operator of the algebra and its action on local operators, which is used in Section 
3 to find the superconformal blocks. In Section 4, we provide a short review of the properties 
of the critical Wess-Zumino model in general dimension. Section 5 describes the set of crossing 
equations that we utilize in the numerical bootstrap procedure, the results of which are pre¬ 
sented and discussed in Section 6. We finish with a discussion in Section 7. Several appendices 
complement the main text with technical results. 

2 Superconformal algebra in continuous dimension 

2.1 General results 

We begin by presenting what we would like to call the dimensional continuation of the super¬ 
conformal algebra with four Poincare supercharges to an arbitrary spacetime dimension d < 4. 
The superconformal algebras in the traditional sense exist only for integer values of d. We will 
show however that some insight can be gained by considering a set of (anti)commutation rela¬ 
tions which formally make sense for any real 0 < d < 4, such that we obtain the corresponding 
superconformal algebras for integer d. We believe that this language is useful because it allows 
us to 

• cast the d = 4 Af = 1, d — 3 J\f — 2, d = 2 A/" = (2,2) and d — 1 M — 4 superconformal 
algebras in a unified way, where d enters only as a real parameter in the (anti)commutation 
relations (besides defining the range for the spacetime vector index), 

• derive unitarity bounds on highest-weight representations for the whole d-dependent family 
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in a unified manner, and verify they reduce to the correct results for the algebras in integer 

d, 


• find the superconformal blocks as analytic functions of d. 

It is a well-known fact that the d — 3, J\f — 2, and d — 2, J\f — (2, 2) Poincare supersymmetry 
algebras are dimensional reductions of the J\f = 1 algebra in d — 4, with the extra U( 1) R- 
symmetry in d — 2 coming from rotations in the two “transverse” dimensions. Here, we generalize 
this dimensional reduction to the full superconformal algebra. Imposing the Jacobi identities 
in a superconformal algebra leads to non-trivial polynomial relations for the generators of the 
Clifford algebra, this being the essential reason for the scarcity of superconformal algebras [41]. 
Consistency of our approach requires a continuous version of these identities valid in any d < 
4. The identities can be checked for any d = 0,1,...,4 and at the level of traces even for 
continuous d. The superconformal algebra thus exists in continuous dimension in the same sense 
as the ordinary conformal algebra, where Jacobi identities can be checked formally without fixing 
spacetime dimension. Moreover, we show in Section 3 that superconformal blocks can be derived 
as analytic functions of d exactly as in the non-supersymmetric case [42, 38]. 

We work in Euclidean signature, with reality conditions equivalent to those imposed by 
unitarity in Lorentzian signature. 1 The unhatted Latin indices will run over the unreduced 
spacetime directions i — 1,..., d, while the hatted indices over the reduced ones i — d+ 1,..., 4. 
The bosonic generators include the usual momenta Pj, special conformal K i: dilation D, and 
rotation A4 t] generators, with i,j = 1,d, the U( 1) R-symmetry R , and finally the rotations 
in the reduced dimensions My. Because of our formal approach, it is important to keep the 
reduced rotations My for any d , although there are no physical generators for d > 2. In our 
conventions, the bosonic commutation relations are 

[Mij, M k i] = —i (8uMj k + 5j k Mu — 5 ik Mji — 5jiM ik ), 

[Vy. My] = -i(<%% + 6- jt M v - S iU M v - , 

[M^, P k \ = —i (5j k Pi — S ik Pj ), 

[M^, K k ] = -i {8 jk Ki - 5 ik Kj ), (1) 

[D, Pi] = -i Pi , 

[D, Ki\ = \Ki , 

[Pi, Pj\ — — 2i (SijD + ), 

lr The four-dimensional Euclidean superconformal algebra with four Poincare supercharges does not admit 
unitary representations. This is not important for us since we insist on unitarity in Lorentzian signature. We 
thank Toine Van Proeyen for emphasizing this point. 
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with all other commutators vanishing. The Hermitian conjugation rules are 

D' = -D, R' = R, My = Mij , VjUJWy, P} = K, . (2) 

We note that in our conventions, the action of the dilation generator D on an operator O is 
[D, O] = —iA O, where A is the conformal dimension of O. 

The fermionic generators include four Poincare supercharges, Q, and four conformal super¬ 
charges, 5. The former will be denoted Q+ , Q d , with a, a = 1, 2, where the upper index denotes 
the R-charge eigenvalue, ±1, and the lower index transforms under the SO(d ) x 50(4 — d) rota¬ 
tions. As indicated by the dot, the supercharges with different R-charge are allowed to transform 
non-equivalently under rotations, as is the case for J\f — 1 in d — 4. The conformal supercharges 
are Hermitian conjugates of the Poincare supercharges 

= («:)*, S« + = (QT)t. (3) 

With this convention for placement of indices, contraction of an upper and a lower index of 
the same kind is an invariant operation since any representation of the compact group SO(d ) x 
50(4 — d) is unitary. Let us now sketch how the structure of the superconformal algebra, with the 
generators above, follows from the Jacobi identities. With the exception of the anticommutator 
of Poincare and conformal supercharges, we simply reproduce the d — 4, J\f — 1 superconformal 
algebra, but we think it is worthwhile to show how the structure emerges in a (/-independent 
language. 

Jacobi identities involving D or R imply that both sides of an (anti)commutation relation 
must have the same scaling dimension and R-charge, and we always impose these constraints 
in what follows. Furthermore repeated indices always imply a summation. The basic building 
block is the anticommutator of Poincare supercharges, which takes the form 

{QtQZ} = K i ,P i , (4) 

where E^, d is an, as yet, unspecified tensor. Using the conjugation rules (2), (3) one finds 

{5"+,5 a -} = EfUU, (5) 

with E" Q = (E^ d )*. The only generators that can appear in the anticommutator of a Poincare 
and a conformal supercharge are D, R , M l} and M^. Rotation invariance dictates that D comes 
multiplied with one of the invariant tensors 5 a p, 5°^. Let us normalize our supercharges so that 

{S a ~, Qp} = iS a pD + ... , 

{S &+ ,Q~ $ } = iS & $ D + ., H 
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where the dots stand for the contribution of other generators. The Jacobi identities coming from 
the triplets [Q^, Q&, Kj\ and [S a+ , S a ~, Pi\ then determine the following commutators 


[«,,<£] = E^S 4+ , 

[KuQl]= EVS“-, 

[P„ S“+] = -2 TQt , 

[P,S”-] = -2r<2i- 

We denote the representation matrices of rotations on the supercharges as m tJ , rhij, i.e. 

[M ij ,Qt] = (rn ij )J > Q+, 

( 8 ) 

where the latter two follow from the former two using the conjugation rules in (2) and (3). Note 
that the matrices rn % j , rhij are necessarily antisymmetric in the space-time indices. The Jacobi 
identities for the triplets [P t , Kj, Q+] and [P i} Kj,Q^] imply 

E^E; — Sa T 2\mn , 

_■ 3 J _ 3 ’ (9) 

SjSj — &ij J- 2i mjj . 

Taking the symmetric parts implies that the E,; tensors satisfy the Clifford algebra 


EjEj + SjEj — 26ij , 

EjEj + SjEj = 2 Sij , 


( 10 ) 


while taking the antisymmetric parts leads to explicit formulas for the rotation generators in 
terms of Ej 


mjj ^(SjEj EjEj), 

uijj — (SjSj SjSj). 


(ii) 


Since we would like our algebras to be related by the dimensional reduction, we will take (8), (10), 
and (11) to hold also for the hatted indices i,j — d+ 1,... ,4, thus defining the action of the extra 
R-symmetry. It remains to determine the anticommutators between Poincare and conformal 
supercharges, i.e. {S' a_ ,(5^} and {S' Q+ ,(5^}. It follows from the [S a ~ ,Q^, Pi], [S a+ , Q]], Pi] 
Jacobi identities that M l} appears contracted with the corresponding tensor rriij or fn t] with unit 
coefficient. The most general form of the anticommutators which can be checked, using only (10), 
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to be consistent with all Jacobi identities except for those involving three fermionic generators, 

is 

= S°e(iD - aR) + (midfMii + , 

{S* + ,Qj} = S^(iD + aR) + (^ i )^M ll + b(m i ,fpM ri , 

for some real constants a, b. It remains to check whether the Jacobi identities involving three 
fermionic generators are satisfied. The Jacobi identity coming from the triplet [Q&, Q&, <S' /3_ ] 
leads to 

^. (13) 

The rotation generators are traceless in the spinor indices, so taking the trace of this equation 
with respect to both pairs of indices and noting that (10) implies 

tr(E i E i ) = 2 d, (14) 


we find 


d- 1 


a = 


(15) 


To fix b , we consider the Jacobi identity of the triplet [Q^.Q^S 1 ], which leads to 

5 + (a 7) = (™pV(™pV + b(m Vj ) p a (m rj ) ^ + (a O 7). (16) 

There is an analogous identity with dotted indices. Contracting all spinor indices and using that 
(10) and (11) imply 


so we find 


(my)/(my)/ = , (myVK)/ = 14 d) , 


3 (d - 2) = dlyii + J 4 - rf )( 3 - “0 


( 17 ) 


(18) 


2 2 

which holds in continuous d for b = — 1. The final form of the sought anticommutators is thus 


{S°~,Q+} = 7 (iD - (Til?) + (m y )„«My - (myl/Msj, 


d — 1 


{S = 7 iD + —-—R \ + (m«)7M w - (ftyJ^My 


(19) 


We have demonstrated that identities (13), (16) are satisfied in any d after contracting the spinor 
indices. We do not know of a d-independent way to argue for their validity in their uncontracted 
form. However, one can make an explicit choice of the 4d E matrices satisfying (10), and check 
the identities for all dimensions of interest. Indeed, they are satisfied for any consistent choice of 
E matrices for any d — 0,1,..., 4. This exhausts all the constraints imposed by Jacobi identities, 
thus showing that our algebra is consistent in any d < 4. 



2.2 Realizations in integer d < 4 

In this section, we illustrate that our interpolation reduces to the expected algebras in integer 
number of dimensions. This is of course necessary since they are the unique superconformal 
algebras with four Poincare supercharges and a f/(l) R-symmetry in the respective number of 
spacetime dimensions. 

For d = 4, our algebra is manifestly the J\f = 1 superconformal algebra with complexihcation 
s/(4|l), with two pairs of Poincare supercharges, with opposite R-charge, transforming in the 
two inequivalent Weyl representations. The value a = (d — l)/2 = 3/2 leads to the well-known 
chirality condition on scalar superconformal primaries, A = 3q/2, with A the dimension and q 
the R-charge. 

For d — 3, we reproduce the J\f = 2 superconformal algebra, whose complexihcation is 
osp( 2|4). Choosing = (< Ti) a a for i = 1,2,3, where cq are the usual Pauli matrices, we 
find that Q transforms as a complex conjugate of Q+, so that a lower (upper) dotted index is 
equivalent to an upper (lower) undotted index, and all indices can be raised and lowered using 
e Q/3 , e a/ 3 . The complete algebra is presented in Appendix A. 

The relevant superconformal algebra in two dimensions is the global part of the J\f = (2, 2) 
superconformal algebra in the NS-NS sector. The complexified Lie superalgebra is s/(2|l); © 
s/(2|l). r . Working on the holomorphic (left-moving) side, we have the usual bosonic generators 
L n , n = —1,0,1, R-symmetry Q, and fermionic generators G zj:^. They satisfy the following 
(anti)commutation relations 

[imi -bn] (rn n) T m _|_ n , 

of - (4 - r ) . 

[fi,G?] = ±G?, 

{Gy" , G s } = 2 L r+S + (r — s)f2, 

with all other (anti)commutators vanishing. The anti-holomorphic generators, which we denote 
with a bar, satisfy exactly the same algebra. Making the traditional choice £© = (u.;) 0 ^ for 
i — 1,2,3 and SR = F>©, our interpolating algebra from Section 2.1 reproduces (20) after the 
following identification for the bosonic generators 

P\ = — i(T_i + L_ i), 

K x = i(Li + Li), 

D = —i(To + -bo) j 

R = 11 + 0 , 
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and the following for the fermionic generators 


Qt 

Qi 

s i+ 

s 1 - 


G 


- 1/2 


G 

G 

G 


- 1/2 
1/2 ’ 


1/2 


Qi 

Q2 

S 2+ 

S 2 - 


G 


-1/2 


G 

G 

G 


-1/2 

+ 

1/2 ’ 


1/2 


(22) 


Finally consider the case d—1. In this dimension, the generator R drops out from equations (19), 
and indeed from the expression for the conformal Casimir as shown in Section 3.1. Hence, it may 
be safely dropped from the algebra. Since 4 = 1 + 3, the situation is quite similar to the d = 3 
case detailed above and in appendix A. In particular, the rotation generators in the directions 
2, 3,4 describe an su( 2) algebra acting as an R-symmetry on the supercharges. Analogously to 
d = 3, we make the choice E+ = (crj_ 1 )^ a for i = 2,3,4, where <J a are the usual Pauli matrices 
and EP = i+ 9 Q . A lower dotted index has the same transformation under the R-symmetry as an 
upper undotted index and vice versa, so that we can write 


Q a - = Ql , S+ = S i+ . 

Spinor indices can be raised and lowered using e a/3 , e a/ 3 . We also define 

H = Pi , K = K\ , Ri-i = 2 £ i-iJ-i,fc-i^/fc » 
and find that the algebra becomes psu( 1,112), described by the non-zero commutators: 


(23) 


(24) 


\H, K] -- 

- -2i D , 

[D,H] 

= -i H, 

ID.K] 

= i K-, 

{«,<+} = 

= i+ H . 

[A Qt\ 

= ~Qt r 

[A Q"~] 

= -~Q a ~ , 

2 

{sys < ’-} = 

= — iSj K , 

[A »tl 

— -S + 

2^ a ’ 

IAS"] 

_ ^ oa— 

“ Z ’ 


= i DS“ f - (aXpR,, 

[k, Qi\ 

= iSt, 

1 K,CT] 

= i S a ~ , 

II 

1 

o> 

+ e 
co 

-- i DSJ - (ffO/JJi, 

[A st] 

= i Qt, 

[. H , S-] 

=; or . 

[Ri,Rj] = 

- i ^ijk-^k •) 

[ft.A'tl 


[Ri,X<‘~] 

= 


(25) 


where in the last line X stands for either Q or S. 


2.3 Unitarity bounds in general d 

It will be useful for Section 3.4 to work out the unitarity bounds, in general dimension, for the 
symmetric traceless representation and the representation in the tensor product of the symmetric 
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traceless and the spinors. The unitary representations in integer d were found in [43, 44] but 
our goal here is to offer a derivation that formally makes sense in general d. It was noted in [45] 
that the free scalar CFT in non-integer d contains negative-norm states. This casts doubt on 
whether one can have unitary CFTs in fractional dimensions. Here, we will be modest and will 
derive necessary conditions for unitarity in general d, by focusing on the lowest levels, assuming 
that superconformal primaries have positive norm. 

Suppose | Oa) is a superconformal primary of dimension A, R-charge q, transforming in a 
representation R of SO(d ) x SO(4 — d). Using a standard argument, [46-48, 43], it follows from 
(19) that the Q+ descendants of | Oa) have non-negative norm when 

A > + a R + a r ~ min (a R >) , (26) 

2 R'<ZR®r 

where a R denotes the eigenvalue of representation R under the following Casimir 

\MiiMij - Mg , (27) 

and r denotes the spinor representation in which Q+ transforms, with a r its eigenvalue under 
(27). Similarly, the Q 7 descendants of | Oa) have non-negative norm whenever 

A > -— r -^q + a R + Of ~ min (a a ) , (28) 

2 R'<ZR®r 

where f is the representation in which Q 7 transforms. In Euclidean signature, the bar operation 
on SO(d ) x SO(A—d) representations corresponds to parity, rather than complex conjugation, but 
we will refer to it as conjugation for simplicity. It remains to evaluate a R on the representations 
of interest. Suppose R = S s is the symmetric traceless tensor of spin s. Since it has no indices 
in the reduced dimensions, we find just the SO(d ) eigenvalue 

ag g = s(s + d — 2). (29) 


Consider now the spinor representations r, f. It follows from (10) that their eigenvalue under 
|MijMij is dl ' d - 1J , which matches the expected values |, |, | in d = 2,3,4, respectively. The 
spinor indices a, a necessarily transform also under the reduced rotations M^., and indeed, the 
eigenvalue under is related to the eigenvalue under by replacing d 4 — d. 

Hence the eigenvalue under (27) is 


Cby - CLy* - 


d(d- 1) (4-d)(3-d) 3(d - 2) 


(30) 


Let us move on to the representation lOan.-is), symmetric and traceless in the s vector indices, 
and satisfying the irreducibility criterion E“ Q |C ) mi ... Js ) = 0. We denote this representation as P s . 
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The action of the SO(d ) Casimir can be evaluated in general d using the dimensional continuation 
of the superconformal algebra from the previous sections with the result 


1 

2 


Mj k Mj k \O ail 



d(d — 1) 
8 


T -S (s T d — 1) 


\Oai 1 ...i a ) • 


(31) 


This expression reduces to the expected (s + |) 2 in d — 2; j(j + 1), with j — s + in d — 3; 
and 2[ji(ji + 1) + j 2 (j 2 + 1)], with j\ = j 2 = §, in d = 4. We have already seen that 

= W^) | 0 „,., s ), (32) 

leading to 

ap a — s(s + d — 1) + ^ ^ . (33) 

The same formula is valid for the conjugate representation \Oai 1 ...i a )■ 

Finally, we will need the Casimir for the representation symmetric in a/3, sym¬ 

metric and traceless in the vector indices, and satisfying E£“|0^..^) = 0. We denote this 
representation by Q s . The superconformal algebra is not sufficient to find the individual eigen¬ 
values of the SO(d ) and .S'O (4 — d) Casimir operators because of the cross-term occurring when 
the two rotation generators each act on one spinor index. Fortunately, the identity in (16) is 
precisely what is needed to evaluate this cross-term in the difference of the two Casimirs. The 
final result is 

ciq s = s(s + d) + 2(d — 2). (34) 

This result is in harmony with the results in d — 3,4, where the contribution of the £0(4 — d) 
Casimir must vanish. Indeed, in d = 3, oq s = (s + l)(s + 2), corresponding to the j = s + 1 
representation, and in d = 4, uq s = (s+2) 2 , corresponding to the j\ = |+1, j 2 = f representation. 
Formula (34) applies also to the conjugate representation |Cb ^). 

We are now in a position to derive the unitarity bounds at level one for the S s and P s 
representations. Due to the covariance of the E tensor, we have the decompositions S s ® r = 
P s - 1 © P s+ 1 , S s © f = P s - 1 © -P s +i, valid for s > 0. The first direct summand has a smaller value 
of a, leading to the unitarity bound for the symmetric traceless representation 

d 1 

As s > —-— \q\ + s + d — 2 , s>0. (35) 

This formula reduces to the well-known results in integer d. For the special case s — 0, unitarity 
at the first level implies only A > ^A|g|. However, this condition is not sufficient for unitarity, 
since the level-two state \V) = e Q/ 3 Q+Qp\0 a) has norm 

(P|P> = 4 (A - ©Tf) ^—q-d + ^j . (36) 
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An analogous result holds for \P) = e al3 Q dt Q ■ \ Oa), leading to the unitary representations 


As, = Mi, 

As 0 > —A—|y| + d — 2. 


( 37 ) 


Consider now the representation P s . We have P s ® r = S s © Q s , P s © f = Q s ~i © ‘S's+i, with 
the first direct summand having the smaller value of a^. Equations (26), (28) thus lead to the 
bound 


Ap © 

1 s — 


d — 1 
2 


(q+ 1)-1 


© s © d — 


3 

2 ' 


(38) 


In d = 3, this reduces to the expected A > \q\ + s + | = |g| + j + 1, with j = s + In d — 4, 
it becomes A > ||g + ||+s + |= 1+ ji — J21 + ji + J2 + 2, with j x = j 2 = f, in perfect 
agreement with [43, 44], The unitarity bound for the conjugate representation P s is obtained 
simply by flipping the sign of q in (38) 


A p s > 


d — 1 
2 


(q~ 1 ) + 1 


© s © d — 


3 

2 ‘ 


(39) 


The notions of short and semi-short representations are useful because operators in these 
representations often have dimensions protected from quantum corrections. A superconformal 
chiral scalar operator belongs to a short multiplct and obeys the first equation in (37) with 
q > 0, an anti-chiral operator obeys the same equation with q < 0. For the symmetric traceless 
representation of spin s, the semi-short multiplets are those for which the superconformal primary 
saturates (35), which for s = 0 is the same as saturating the second equation in (37). 

Necessary conditions for unitary representations of the nonsupersymmetric conformal algebra 
in general dimension are presented in Section 6 of [44] (see also [49]) and they are generally weaker 
than the ones for the superconformal algebra discussed here. It is also useful to recall that a free 
scalar field in d dimensions necessarily has 

A free = ^ , (40) 

and a conserved current of spin s in any CFT obeys 


Z\ C c — 5 d — 2 . 


(41) 


3 Superconformal blocks 

A standard method for finding conformal and superconformal blocks is by utilizing the Casimir 
equation [38, 40]. Having formulated a dimensional continuation of the superconformal alge¬ 
bra with four Poincare supercharges, we are in a position to find the Casimir equation and its 
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solution for a large class of superconformal blocks in general d. This is done in Sections 3.1, 
3.2. Remarkably, as was already noticed in [40], superconformal blocks are closely related to 
non-supersymmetric conformal blocks with shifted scaling dimensions and we provide an inter¬ 
pretation of this fact in Section 3.3. In section 3.4 we deal with an important case not captured 
by the Casimir approach, namely that of superconformal blocks in the chiral channel. 

3.1 Superconformal Casimir 

In this section, we find the quadratic Casimir of the relevant superconformal algebra in general 
dimension. The quadratic Casimir must be a linear combination of the quadratic Casimir C b of 
the bosonic conformal subalgebra so(d + 1,1), the Casimir of the reduced rotations, so(4 —d), R 2 , 
and terms quadratic in the fermionic generators. Invariance under D, R , M t] , and My reduces 
the possibilities to 

C = C b + Cl S a+ Q~ + c 2 Q~S a+ + c 3 S a ~Q+ + c 4 QtS a ~ + c 5 R 2 + c 6 MyMy , (42) 

with Cj so far undetermined constants. Note that 

C b = -D 2 - l -(P t Ki + K t P t ) + . (43) 

The coefficients c t can be determined by requiring [C, Q+] = [C, Q&\ = 0. Using (19) and 
looking at the coefficients of DQ+, DQ 7, Q^D and Q^D leads to c\ = c 3 = — c 2 = — C 4 = 1/2. 
Similarly, the coefficient of RQ+ determines C 5 = —(d — l)/4. Finally, the coefficient of 
fixes c 6 = — 1 / 2 , leading to the final result 

c = -D 2 -\(P i K l +K l P 3 P-M ij M ii - l -M ij M ii - d ^R 2 P-([S t ‘ + ,Ql\ + [$-,«+]) . (44) 

It is instructive to study the contribution of the R-symmetries in d — 2, where, after using (21), 
one finds 

—MyMy H-—— R 2 = - [(O - U ) 2 + (fl + n) 2 ] = - (u 2 + fl 2 ) . (45) 

The contribution is a sum of a holomorphic and an antiholomorphic part as expected. The 
eigenvalue of C when acting on a superconformal family, where the superconformal primary has 
dimension A, R-charge q, and transforms as a symmetric traceless tensor of spin s under 
and as a singlet under My, is 

A c = A(A — d + 2 ) + s(s + d — 2 ) — — q 2 . (46) 

To find this, we have used the eigenvalue of the usual conformal Casimir operator C b when acting 
on a conformal primary [38] 

A c b = A(A — d) + s(s + d — 2 ). (47) 
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3.2 Casimir equation and its solution 


Here, we derive a formula for the superconformal blocks in theories invariant under the su- 
perconformal algebra in Section 2, for the four-point function (01020304), where 0j are scalar 
superconformal primaries with dimensions Aand R-charges g*. In addition, we assume that 0i 
and 03 are chiral, i.e. Q+0 1,3 = 0, or equivalently 


A 


1,3 — 


d — 1 

o <?1,3 • 


(48) 


A superconformal block corresponds to the contribution of a single superconformal family pro¬ 
duced in the OPE of 0! and 0 2 . It is therefore an eigenfunction of the superconformal Casimir 
(44) applied to the Erst two operators. Due to the appearance of supercharges, the resulting 
equation will relate the superconformal block of (01020304) to the one of (0“02 0304, where 0y2 
is a supersymmetric descendant of 01^. In the limit \x±\ —>■ 00, we can use a supersymmetric 
Ward identity to reduce the latter correlator to a differential operator acting on (01020304) and 
thus derive a differential equation for the original superconformal block. Consider the action 
of the fermionic part of the superconformal Casimir on the product 0i(aq)02(:c2)- Using the 
chirality of 0i and the superconformal algebra, one can show that 

\ ([s 4+ ,Q-] + OM*,)«**)) | 0 ) = 

= [(S Q ~0i0D))(<3;t02(A0) - (<3 a 0 i 0 d))(S Q+ 02(^2)) + 2(Ai + A 2 )0i(xi)0 2 (x 2 )] |0) , 


where the action of conserved charges on local operators is the usual one via the commutator. 
From 

0(x) = e ia>p 0(O)e _13>p , (50) 

and using (7), it follows that 


(S“-*(n)) = , (S‘ + <p 2 (x 2 )) = i^S f(QM^)) ■ (51) 


It remains to relate the correlator 


((Q d 0l(Xl))(Q P 0 2 (^2))030C3)04(3b)} , (52) 

to (0i(xi)0 2 (a;2)03((r3)04(a;4)). Starting from the Ward identity 

< [Qa 1 (Q^M x l))M x 2)M x 3)M x ^)] > = 0 , (53) 

and using the anticommutator of Poincare supercharges, (4), and the chirality of 0 3 , we find 

( (Q& 01 (Al)) (Qa 02 (^2))03 (^3)04(^ 4 ) ) + ( {Q& 01 (Xl) )02(x 2 )03(^3) (Qa 04 M ) > = 

= ~^aa^HM x i)M x 2)M x 3)M x i)) • 
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Conformal invariance ensures that no information is lost if we take the limit £4 —> 00 . The leading 
behavior of a correlation function containing a primary 0(x ) of dimension A and arbitrary 
Lorentz quantum numbers as ]x| —» 00 is |a;|~ 2A . Thus the second term on the left-hand side of 
(54) is subleading in the limit \x/s\ —>■ 00 , since Q+ increases the dimension of 04 by 1/2. In the 
derivation of the differential equation, we can then replace 

((Q&M x l))(QaM x 2))M X 3)M x 4)) , (55) 


with 

- iZaa d iHM x l)M X 2)M X 3)M X 4)) , (56) 

while remembering that we must send £4 to infinity at the end of the calculation. Combining 
this with (51), and using 

tr (£%•) = 25b , (57) 

which follows from the Clifford algebra, we find the action of the fermionic part of the supercon- 
forrnal Casimir on the four-point function to be 

+ [s a_ ,<2+]) (M x i)M x *)) M x 3)M x S^ ~ g 

~ 2 (£12 • d Xl + Ai + A 2 ) ( 01 ( 0 : 1 ) 02 (^ 2 ) 03 (^ 3 ) 04 (^ 4 )) , 


where x l} = Xi — x 3 , and the ~ symbol means equality up to terms subleading as £4 —* 00 . 

The contribution of a single superconformal family of the superconformal primary O to the 
four-point function takes the form 


c^c^o |£24 1 Al2 1 2:14 1 As4 £A 12 ,a 3 4 ( . ^ 


(01 (2:1) 02 ( 2: 2 )03 (2:3)04(2:4) ) | O = 


|o:i21 Al+A2 12: 3 4| A3+A4 I£141 Al2 1£131 As4 A °’ s ° 

where fy Al /’ A34 (^, z) is the superconformal block and A t j = A* — A j. Here £ and z are related to 
the usual conformally invariant cross-ratios u, v as 


u = 


rf.2 ™2 

_ £ 12 £34 


™2 '2 
2-13 2-24 


= ZZ , 


V = 


‘2 2 

_ £14 2-23 


rf22 ™2 

x 13 2-24 


= {l^z)(l-z) 


(60) 


The operator (58) translates into the following action on the superconformal block 

2 [z(l - z)d + z( 1 - z)d\ Gt]s A3 \ z i z ) - A 34 (z + z)Ga's A34 (z, z) , (61) 


where d = d z and d = d~. The action of the R-symmetry cancels on the two sides of the super¬ 
conformal Casimir equation, and using the result for the conformal Casimir [38], the differential 
equation for the superconformal block becomes 


VQ 


Ai2,A3 

A ,s 


(z, z ) — [A(A — d + 2) + s(s + d — 2)] Q 


A,s 


[ (z,z ), 


(62) 
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where the differential operator V is given by 


V = 2z 2 (l - z)d 2 + 2z 2 (l - z)B + (A 12 - A 34 - 4 ){z 2 d + z 2 B) + 2 (zd + zB ) + 

1 zz (63) 

+ q (A 12 — 2 )A 34 (^ + z) + 2{d — 2 )- —- [(1 — z)d — (1 — z)d\ . 

Z z z 

It turns out that this equation has a simple solution in terms of the ordinary non-supersymmetric 
conformal blocks. This has also been pointed out for d — 4 and <pi = 4>3 — 02 = 04 in [40]. Indeed, 
the solution with the correct z, z —> 0 behavior is 


Cr Aa >,«) = u,v), 


(64) 


where G 34 (u,v) is the non-supersymmetric conformal block and we switched to the usual 
cross-ratios u, v. We comment on the relationship between conformal and superconformal blocks 
in the next section. It is also possible to decompose the superconformal block into conformal 
blocks using a relation found in [50]. Using the convention where the u —> 0, v —> 1 behavior of 
the conformal blocks is 


G 


A ,s 




(65) 


the decomposition reads 


Q 


Ai2,A34 _ / ^yAi2,A34 . / ^yAi2,A34 

— Lt A,s + °1 Lt A+1,s+1 


A ,s 


+ (12G 


Ai2,A 34 . 

A+l,s-l + a 3 Lr 


'A12.A34 
A+2,s f 


( 66 ) 


where 

(A + A 12 + S )(A + A 34 + s ) 

01 = 2 (A + s)(A + s + l) ’ 

_ <s(s + d — 3)(A + A 12 — s — d + 2)(A + A 34 — s — d + 2 ) , 

° 2 = _ 2 ( 2 s + d - 4)(2s + d - 2 )(A - s - d + 2 )(A - s - d + 3) ’ ' 

A(A — d + 3)(A + A 42 + s )(^ T A 34 + s)(A + A 12 — s — d + 2 )(A + A 34 — s — d + 2 ) 
° 3 = 4(2A - d + 4)(2A - d + 2)(A + s)(A + s + 1)(A - s - d + 2 )(A - s - d + 3) 


It follows that whenever a superconformal family contributes to a given four-point function, as in 
(59), it is through the superconformal primary, O , and three other conformal primaries (and all 
their conformal descendants). The three conformal primaries are supersymmetric descendants of 
O , with dimensions and spins that can be read off from ( 66 ). 

A few comments are in order. Notice that for A 12 = A 34 = 0 the coefficients do not have 
poles for dimension and spin consistent with the unitarity bounds, and furthermore their sign 
is consistent with unitarity. For A 12 and A 34 different from zero, there can be poles, for A, s 
saturating the unitarity bound, but this is expected since the leading block itself diverges. This 
is related to the fact that conserved currents can only couple to scalars with identical dimensions. 
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It is useful to pause for a moment and compare our solution for (u, v) to previous 

results in integer dimensions. For the special case of the d — 4, J\f — 1 superconformal blocks 
studied in [13, 40], our solution is in agreement with their result since conformal blocks are 
invariant under A 12 B — A 34 . For d — 2, the explicit form of the solution is (up to an overall 
constant) 

e£f’ A34 M) = jA£*(z)jA=±(z) + z oz , (68) 

where 

jh(z) = z^ 1 2 F\ ^ h -——F 1, h ——; 2 h + 1; z^ . (69) 

This also agrees with the result found in [40], up to the transformation z B z/(z — 1), or 
equivalently x\ B X 2 , and after taking into account the following identity 


z h 2 Fi(h + 1, h, 2 h + 1; z) 


1 -z 


h 

2 F 1 


^h, h, 2 h + 1; 



(70) 


As a cross-check on the Casimir approach, appendix A contains a derivation of the coefficients 
in (67) for d — 3, using the constraints of superconformal symmetry and chirality of 0 ^3 on the 
OPE. It is conceivable that this type of OPE derivation of the superconformal blocks can be 
carried out in general d using the superconformal algebra of Section 2. 

Finally, we would like to point out some curious relations between the coefficients in (67). 
For d — 2 and d — 4 one has <23 = 0 , 10 , 2 - This identity is not true in general dimension. However, 
if one considers a* as a formal function aj(A, s, d, A 12 , A 34 ) one finds 


° 3 (A, s, d, A 12 , A 34 ) — ai(A, s, d, A 12 , A^ 4 )o 2 (—s, —A, d, A 12 , A 34 ). (71) 


3.3 The relationship between conformal and superconformal blocks 

The relation in (64) between superconformal and ordinary conformal blocks can be given a simple 
interpretation. Consider the contribution of the superconformal family of the superconformal 
primary O to the correlator ( 01020304 ) as in (59). It can be rewritten, via (64), as 


( 0 i (^i)02 (^ 2)03 (^3)04(2^4)) | c> = 

I 12 C 01</)2 C< / , 3</>4O 

X2i |£ 12 | Al+A2+1 |£3 4 | A3+A4+1 




A 34-1 


/ 4^12 I1A34 1 

T Ao+l,so 


(u,v). 


(72) 


Up to the |X 24 1 2 prefactor, this has the form of the contribution of the conformal family of a 
conformal primary O to the four-point function of some new fields 0 * 


(0!(au)02(^ 2 )03(^ 3 ) 04 ( 2 ^ 4 )) |e> = |a:24|"(0l(^l)02(^2)03(^3)04(^4))lo , (73) 
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where the quantum numbers of operators with a tilde are related to the original ones as 


A^i, 

A </, 2 + 1 , 

A*,, (74) 

A</, 4 + 1 , 

A o + 1 , Sq = so ■ 

Hence, the terms in the superconformal block expansion of (0i(£i) 02 (^ 2 ) 03^3) 04 (an)) are in 
one-to-one correspondence with the terms of the conformal block expansion of 

(0l(xi)02(a:2)03(^3)04(a:4)) = {4>l(x 1 )4>2(x2)4>3(x 3 )(p4(x4)) - (75) 

F24T 

Moreover, since the only difference between the four-point functions (01020304) and (01020304) 
is the factor |o: 241 2 , we can mimic their relationship by writing 


A ^ = 
A ^ 2 _ 

A ^3 = 

A^4 = 

A o = 


01,3 ~ 01,3 , 

02,4 = °"02,4 , 

where a is a real scalar conformal primary held of scaling dimension A CT = 1 not interacting with 
any of the 0j. Therefore, there is no regularization needed in defining the composite operators 
<702,4, and the correlation function factorizes as 



(0i(£i)(u0 2 )(£2)0 3 (^3)(^04)(2T)) = (a(x 2 )a(x 4 )) (01 (xi)02 (x 2 )03 (^ 3 )04 (^ 4 )) • (77) 


It may sound surprising that the conformal block expansion of (0i (<702)03 (<7 0/0) is the same as 
the superconformal block expansion of (01020304)- Each superconformal primary O (( 4 in the 
0i x 02 OPE gives rise to four conformal primaries j = 0,... ,3, and each of these gives 
rise to infinitely many conformal primaries in the 0i x <702 OPE, of the schematic form ad n O <J \ 
n — 0,1,.... For the proposed relationship between the two expansions to hold, there must occur 
numerous cancellations among the various conformal primaries, leaving only the contribution of 
the lowest one aO^°\ Indeed, denoting the conformal descendant of O with dimension + 1 
and spin so + 1 as 0^ l \ the contribution of the conformal primary aO (1 ) is cancelled by the 
contribution of adO^°\ which has the same dimension and spin. Remarkably, this cancellation 
continues to hold for all the higher-lying conformal primaries, leaving only aO^°\ 

It will be curious to study whether the relation in (73) between correlation functions in a 
superconformal held theory and those in a non-supersymmetric conformal held theory can ever 
be realized for some theories of physical interest. 
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3.4 Spectrum in a chiral OPE 

When considering conformal bootstrap for the correlator (01020304) with 0 li3 chiral primaries 
and 02,4 superconformal primaries, there is another possibility for an OPE expansion, namely 
fusing 0i and 0 3 . Chirality implies that all conformal primaries appearing in this OPE must be 
annihilated by Q+ and it is the goal of this section to derive which components of superconformal 
multiplets have this property. 

Suppose that V is a conformal primary of dimension A p and R-charge qp in the symmetric 
traceless representation of spin s, satisfying [Q0,P] = 0. Further, assume that V is a supersym¬ 
metric descendant of the superconformal primary O, where O has dimension A and R-charge q. 
The 50(d) x 50(4 — d) representation R in which O transforms depends on the precise way V 
is obtained from O through the action of supercharges. The relationship between O and V is 
constrained by observing that the superconformal Casimir (44) must have the same eigenvalue 
on O and V. Since V is annihilated by both K, and Q+, it is also annihilated by their anticom¬ 
mutator S a+ . One can then use the superconformal algebra to evaluate the action of C on V 
purely in terms of its quantum numbers, with the resulting eigenvalue 

Ai = Ap(Ap — d) + s(s + d — 2) ———— qp + (d — 1 )qp , (78) 

where the last term arises from the fermionic generators. Similarly, one can evaluate the eigen¬ 
value of C on O using the fact that it is a superconformal primary, the result being 

A 2 = A(A — d + 2 ) + or-—— q 2 , (79) 

where (ip is the SO(d ) x 50(4 — d) Casimir familiar from Section 2.3. Moreover, for each 
conformal primary in the superconformal multiplet, there are relations of the form A p = A + ^, 
m — 0,..., 4, qp — q + n, n — —2,..., 2, and we can proceed case by case and determine whether 
Ai = A 2 is consistent. We label each case by ( qp,R ) and use the notation of Section 2.3 for the 
50(d) x 50(4 — d) representations. 

• At level zero, we have the single case (qp — q,R — S s ), and Ai = A 2 implies 

A = 509, (80) 

which corresponds to a unitary representation only if s = 0 , i.e. V must be a chiral primary. 
In other words, the chiral superconformal primaries must have s = 0. 

• There are four cases to consider at level one: (q+ 1 , P s -i), (g+ 1 , P s ), (q~ 1, P 8 - 1 ), (q— 1 , P s ), 

corresponding to = P^Qt°ai 2 ...i s , Vi x ...i s = V h ... ia = 'Rf*QpO ai2 ... la , 
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Vi x ...i s = e^Q d O $ii ig respectively, where in the first and third case we also need to 
symmetrize with respect to the extra vector index. For the first case, Ai = A 2 implies 

a d~1 _ d _ „, 

A = ^-q + s-l + (81) 

which is precisely the unitarity bound (39) for P s -\. The first case is therefore allowed 
only if the superconformal multiplet of O contains the non-trivial null states Q&P- We 
call a null state trivial if it can be seen to vanish without resorting to the computation 
of its norm. For example, Q\Q\0 is a trivial null state. The shortening condition (81) 
translates into 

d 1 

Ap = C -^—qv + S, s > 0, (82) 

and thus can be thought of as a natural extension of (80) to s > 0. The remaining three 
cases all lead to non-trivial linear relations between A, q and s, but none of these relations 
corresponds to the appearance of a non-trivial null-state. Therefore, they all lead to a 
contradiction since we know that Q&P must be non-trivial null states, since if they were 
trivial null-states, the condition Ai = A 2 would itself be trivial. 

• We simply state the results for level two. The only case not leading to the type 
of contradiction we saw for the three disallowed cases at level one is (q + 2 ,S s ), i.e. 
Pii...i s — ^QaQ^Oh.-isi which can be easily seen to always satisfy Q^P = 0 without 
the need for a shortening condition on O. There are then two allowed types of unitary 
representations. Either O is antichiral, i.e. s = 0 and A = —^^q, leading to 

7 1 

Ap =--—gp + d, (83) 

or O is generic, satisfying (35) (including s = 0), which leads to 

Ap > ^ - - q-p - d + 1 + s + d — 1. (84) 

We must also remember that for s = 0, the superconformal primary must satisfy the 
unitarity bound A > 

• Of the four cases at level three, the condition Ai = A 2 does not lead to an immediate 
contradiction only for (q + 1 ,P s _i). Similarly to what happenes at level one, Ai = A 2 in 
this case implies a consistent shortening condition. The novelty here is that this shortening 
also kills the state V, and thus there are no consistent possibilities at level three. 

• There is only one conformal primary at level four, but Ai = A 2 does not lead to a consistent 
shortening condition on O , so the primary at level four can not appear in the chiral OPE. 
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Essentially identical results were derived in [26, 51] for d — 4, J\f — 1 in the context of 
the OPE of a chiral operator <f> with itself. The new feature of the generalization to d < 4 
is the appearance of the level-two descendant of an antichiral primary (83). From R-charge 
conservation we have ‘^qv — 2 A$ which, combined with the unitarity bound A > f or the 
operator O, implies that the antichiral case can only be included if 

A* < j . (85) 

Thus in d = 4, the antichiral case can only appear when <f> is the scalar component of a free 
chiral superfield, where we know it does not appear since there is no coupling between $ and any 
other holds. However, in d < 4, there is a finite window for A$ where the level-two descendant 
of an antichiral primary can make a contribution, and we will see it plays a crucial role in the 
Wess-Zumino model, since its appearance corresponds to the Yukawa coupling. 

ft follows from the above discussion that only one kind of allowed conformal primary V 
from the same superconformal multiplet can appear in the (pi x 0 3 OPE, and therefore the 
superconformal blocks coincide with the usual conformal blocks. Supersymmetry plays a role in 
this channel only through constraints on the spectrum of conformal primaries that can appear 
in the OPE. 


4 Intermezzo: review of the Wess-Zumino model 


In this section, we remind the reader of some basic facts about the massless Wess-Zumino model 
in d < 4 [52], A nice review on the subject can be found in [53]. The model consists of the theory 
of a single chiral superfield T with cubic superpotential W(T) = |AT 3 . Equivalently, this is a 
theory of a complex boson and fermion with the Lagrangian 

Avz = d^d^cp + + |A|"|0 | 4 + (A (pip a e a/3 ipp + c.c.). (86) 


The classical dimension of the coupling A is |, with e = 4 — d, and it is convenient to define the 
dimensionless coupling A = /i~ e / 2 \, where // is the renormalization scale. Supersymmetry implies 
that the superpotential is not renormalized. Therefore the /^-function of A is determined by the 
anomalous dimension of the chiral held <f>, which is the lowest component of the superheld T 


h = A 




(87) 


where 7 $ = and the factor of 3 comes from the fact that W(T) is cubic. Since we know 

from perturbation theory and unitarity that y$(A) > 0 for A 1, we expect that for sufficiently 
small e, the theory has an interacting IR fixed point with unbroken supersymmetry at a coupling 
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A* > 0. This CFT is what we refer to as the critical WZ model (cWZ). The exact relation (87) 
implies that at the fixed point the anomalous dimension is 

7 *(A*) = ^, (88) 

o 

and hence 

A» = ^+7»(V) = ^. (89) 

This formula can also be deduced from the exact superconformal relationship between scaling 
dimension and R-charge of a chiral field A = q , since the R-charge of the superpotential is 
qw — 2 and thus = 2/3. 

An equivalent way to state the result in (89) is that the e-expansion of the critical exponent 
rj = 2A<j> — (d — 2) is exact at the leading order 

V = = | • (90) 

The critical exponent v, characterizing the divergence of the correlation length as the temperature 
approaches the critical temperature, is related to the scaling dimension of the lowest uncharged 
scalar, [$$], as follows 

z' -1 = d - A[$$]. (91) 

It is not protected by supersymmetry and has been computed at one loop in the e-expansion 

[32, 33] 

v =\ + { + °(‘ 2 ) • (92) 

leading to 

A m = 2 + 0(e 2 ). (93) 

The critical exponent oj, characterizing the approach to scaling, is related to the scaling dimension 
of the lowest irrelevant scalar operator, O, as 

uj = A o — d. (94) 

It is reasonable to expect that O is the supersymmetric descendant of [$$] obtained by acting 
on [4>$] with four Q supercharges. This leads to A^ = Ar^i + 2, implying the exact relation 

u = 2 — z/” 1 . (95) 

Finally, let us note that the equation of motion for T can be written in superspace language as 

D a D a T = d r W(T ), (96) 
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where D a is the superspace derivative corresponding to the action of the supercharge Q+ that 
annihilates the chiral superfield T. This implies that the chiral ring of the fixed-point theory has 
the relation 

4> 2 = 0 . (97) 


In the language of the CFT data, this means that the OPE $ x $ does not contain a chiral 
primary. From the results of Section 3.4 we can conclude that all operators that appear in the 
OPE are then exact under Q+. 

There is another piece of data available about the cWZ model in d — 3 that we will seek to 
match with the bootstrap results, namely the coefficient of the two-point function of the stress 
tensor, denoted by Cr■ In SCFTs with four supercharges, the two-point function of the stress 
tensor is proportional to the two-point function of the R-current Trr. In [54], it was shown how 
trr can be computed for d = 3, AT = 2 SCFTs from the squashed-sphere partition function F(b) 


2 d 2 F(b) 
trr — —Re — wrr ,— 
7H do 2 


9=1 


(98) 


where b is the squashing parameter, b = 1 corresponding to the round sphere. A formula for the 
squashed-sphere partition function of d — 3, J\f — 2 theories was found using localization in [55]. 
Denoting by the two-point function of the R-current in the theory of a single free chiral 

multiplet, it was found in [31] that 2 


Ct _ trr 

^-y(free) (free) 

Cr t rr 

We will comment further on this ratio in Section 6. 


0.7268. 


(99) 


5 Bootstrap setup 

In this section, we review the derivation of a set of crossing symmetry equations which we 
later solve numerically. The results of the previous sections suggest that the structure of these 
“bootstrap equations” should be very similar to those that were studied in the case of d — 4, 
J\f = 1 SCFTs in [26, 51, 14, 56], and indeed this is what we find. 

We are interested in the crossing symmetry constraints for the four-point function ($$$$), 
where <f> is a chiral operator with dimension A$ and is its charge conjugate. The chirality 
condition imposes that the R-charge is given by = y^qA$ = —q$. Conformal 

symmetry fixes the four point function to take the form 

= ki2| fl^ 4|2A , . (ioo) 

2 We are grateful to Simone Giombi, Igor Klebanov, and Silviu Pufu for bringing this result to our attention. 
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where the cross-ratios u,v are defined in (60). Let us ignore supersymmetry for the moment 
but still insist on the presence of a U(l) global symmestry under which <f> and $ have opposite 
charges. The OPE leads to a decomposition of g(u,v ) in terms of conformal blocks G a,s( u ,v). 
For instance, in the (12) channel we take x\ —* X 2 , and get 

9 (u,v j) = ^(-1) s |c^ # | 2 G a , s (m,v) • (101) 

o 

Recall that we are using the normalization (65). Equality of the OPEs in the three channels 
leads to the constraints 


^(-1) s |c^| 2 G a , s (m,v) 

o 

\ c< £i >\ 2 G A,s( U , V ) 
o 


= M As ^(-l) S |c^| 2 G A ,s(y,M) , 
o 

= u A * Y \cI^\ 2 Ga,s( v ^ u ) » 

V 


(12) = (14), (102) 
(12) = (13), (103) 


where O , V are conformal primaries appearing in the $ x $, and $ x $ OPE, respectively. 
Symmetrizing and antisymmetrizing equation (103) with respect to u ^ v allows us to write the 
equations in (102), (103) as the system 


/ 


E 

o+ 


r O+ 12 


r A ,s 

^A,s 

TrA.f, 

U A,s 


\ 
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E 

o~ 


JD~_ | 
I 


r A,s 
77 > A # 

*A,s 

- H a<!> 

n A,s 


\ 


( 0 \ 


E 

V 


J> I 

-<M>I 


Z? A * 
*A,s 

_ ff A 'i' 
n A ,s 


= 0 


(104) 


The first/second sum in (104) runs over uncharged conformal primaries with even/odd spin 
respectively. The third term in (104) is a sum over conformal primaries of charge 2 q$ and 
contains even spins only. The functions F, H in (104) are defined as 


F \s = ( -1 ) S [u A *GA,a(«,u) -U A *G A ,a(u,«)] , 

H A * = (-l) s [v a *G a , s (u,v) + u A *G AtS (v,u)] . (105) 


Including the effects of supersymmetry simply means replacing conformal blocks by the super- 
conformal blocks appropriate for each channel, and taking into account superconformal unitarity 
bounds. As we showed in Section 3, the superconformal blocks in the channel are linear 
combinations of four non-supersymmetric conformal blocks, while in the $<!> channel, at most 
one conformal primary from a superconformal multiplet can appear, meaning that supercon¬ 
formal blocks are equal to non-supersymmetric conformal blocks. Equations (66), (67) with 
A 12 = A 34 = 0, lead us to define 

= Ft + Cl Ai.,+1 + C2Ft h ,-i + c 3 Ft 2 ,, , 

Ft, = (- 1 )' (Ft ~ ci Ft u+1 - cFt,,,^ + c 3 Ftt . (106) 

Ht = (-I)’ (Ht - ci Ht +h , +1 ~ c 2 Ht +1 ,,^ + c 3 Ht +2 ,,) , 
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where 


(107) 


C 1 — ^1 I Ai2 = A34=0 ) ^2 — ^21 Ai2=A34=0 5 ^3 — ^31 Ai2=A34=0 •> 


and the a* were defined in (67). The supersymmetric version of equation (104) then reads 

/ \ ( Ft% \ ( 0 \ 


E 

0+ 


r o+ 1 2 


V 


~C A $ 
' r A,s 
jr 

^ A,s 
H A,s 


E 


c° : l 
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C>- 


TT A 3 > 
''A,s 
77 A 3. 

A,s 


V ws* / 


E 


yp 1 2 


V 


0 

pA# 
-^A ,s 

- /7 A ' 1 ’ 

U A,s 


= 0, 


(108) 


/ 


The first two sums run over superconformal primaries of vanishing R-charge and even/odd spin 
respectively, while the third sum runs over conformal primaries of R-charge q-p = 2g<j> = A-j-A$. 
All terms in the sums are constrained by superconformal unitarity bounds, and the third sum also 
by [Qa, V] = 0, as analyzed in Section 3.4. We can summarize the constraints on the spectrum 
as follows 


0 + : 

A = 0,A>s + d — 2, 

s = 0,2,4,... , 

(109a) 

0~ : 

A > s + d — 2, 

s = 1,3,5,... , 

(109b) 


A = 2A$ + s , 

s = 0,2,..., 


V : < 

A = d — 2A(j>, 

s — 0, A$ < d/4, 

(109c) 


A > |2A$ - (d - 1)| + s + (d - 1), 

s = 0,2,... . 



Equations (108), together with the spectrum specifications (109), constitute a linear program 
for the various OPE coefficients squared. Solving this kind of problem is the basis of the numerical 
(conformal) bootstrap program, and the procedure has by now been described extensively in the 
literature. Here, we shall provide a very brief description of how such a problem can be solved, 
and refer the reader to [10, 57] for further details. 

The first step is to reduce the continuously infinite functional equations to some finite set 
of constraints. The usual bootstrap procedure is to Taylor expand to some given order in the 
two cross-ratios u and v (or an alternative coordinate system). The number of derivative com¬ 
ponents is most conveniently labeled by a parameter n max , in terms of which the total number of 
constraints is |(n max + l)(n max + 2). Standard algorithms, such as Dantzig’s simplex method, can 
then be used to try to obtain a set of OPE coefficients which solve the equations. This may or 
may not be possible, depending on the set of operators that we allow in the crossing equations. 
In particular, to derive bounds, one imposes constraints on the sets of operators allowed in the 
sum rule (108) until a solution can no longer be found. Typically, this constraint is a gap in the 
set of uncharged scalar operators, so that if a solution cannot be found for a given n max , then it 
is ruled out definitively. Increasing the parameter n max can then only lead to tighter bounds. In 
this work, our calculations were done using a modification of a Python-based arbitrary precision 3 

3 In the implementation used in this paper arbitrary-precision arithmetic was used only for matrix inversion as 
lower precision generation of conformal blocks proved sufficient at the values of n max presented here. 
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simplex method solver for semi-infinite linear programs [10]. The package [57] was also used as 
a cross-check on some results. 


6 Bootstrap results 

Having developed the technology to analyze crossing symmetry for SCFTs with four Poincare 
supercharges in various dimensions, we now apply it to study and constrain the space of allowed 
theories. Theories with only four Poincare supercharges do not exist in d > 4 and, while the 
status of SCFTs (and CFTs) in d < 2 is certainly an interesting question, for this study, we 
choose to restrict ourselves to 2 < d < 4. 

Since we made no use of parity invariance in our derivation of superconformal blocks and 
crossing relations, our bounds also apply to unitary theories which do not preserve parity, such 
as AT = 2 superconformal Chern-Simons-matter theories in d — 3. 

Unless otherwise specified, all the plots shown in this section were made using n max = 6 which 
gives 84 constraints (28 terms in the Taylor expansion of the three-vector identity in (108)). 

6.1 Scalar operator bounds 


We begin our numerical exploration by determining bounds on the scaling dimension of the first 
scalar operator in the OPE as a function of A$. This corresponds to the lowest dimension 

scalar in the 0 + channel in equation (108). Throughout this section, we will refer to this operator 
schematically as [$$], following the weak-coupling intuition of it being the composite operator 
of $ and <5. Bounds in various dimensions, d — 2,..., 4, are shown in Figures 1 and 2 for a range 
of conformal dimensions Ao < A$ < Ao + \ (with Ao = 4A the conformal dimension of a free 
scalar in dimension d). 

Figures 1 and 2 exhibit a variety of interesting features. 

1. A clear kink at A$ = 4-4 w here we conjecture that the bound is saturated by the d- 
dimensional critical Wess-Zumino model with a cubic superpotential. 

2. A second kink located at A$ = | that is very sharp for 3 < d < 4, but seems to soften, 
and may no longer exist, for d < 3. 

3. A third kink at some value of A$ > |. In d = 3 the value is A$ « 0.86. In d — 4 this 
feature appears at A$ ~ 1.38 and is likely the same feature first observed in [26]. 
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Figure 1: Upper bound on the lowest-dimension neutral scalar operator, [•h'h], appearing in the 
1> x I OPE. The dashed vertical lines correspond to the protected dimension of 

in the cWZ model in dimension d. The value of d associated to a line is indicated by its color, 
which matches the corresponding bound plot. 

The location of the second feature described above, A$ = |, coincides with a kinematically 
special point. This is the value of where the scalar operator V in the <f> x $ OPE with 
dimension d — 2A$ is a superdescendant of a superconformal primary which hits the unitarity 
bound (see (109) and the discussion around (85)). The third kink, however, does not seem to 
correspond to any kinematically special point. We will discuss these two features in more detail 
in Section 6.5. 

6.2 OPE and central charge 

In addition to placing bounds on operator dimensions, the numerical bootstrap allows us to 
extract the spectrum and OPE coefficients associated with the “extremal” solution that saturates 
these bounds [11]. In particular, we can use this procedure to deduce |c $ |, T | 2 , the squared OPE 
coefficient of the stress-tensor in the $ x $ OPE, from which we can compute Ct (the canonical 
normalization of the stress-tensor two-point function) associated with the solutions lying along 
the bounding curves in Figure 1. In two dimensions, Ct reduces to 2 c, where c is the central 
charge of the left/right Virasoro algebra. In general dimension, Ct is not always related to a 
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Figure 2: A close-up of the bounds in Figure 1. Note that the first kink in every dimension 
corresponds to A$ = 4^ (the locations of the vertical lines). 


conformal anomaly, but we still refer to it as the central charge. In terms of the OPE coefficient 
in our normalization, equation (65), the central charge 4 is 


C'T = 


A 2 


I | 


d 


d-l 


( 110 ) 


In theories with four Poincare supercharges, the stress-tensor is not a superconformal primary, but 
rather lies in the supermultiplet of the R-current, so what we actually read off with our approach 
is |c$$ j\ 2 with J a conserved spin-one superconformal primary (of dimension A j = d — 1). From 
this, we extract the OPE coefficient of the spin-two descendant using (107). Note also that 
unlike in [29], here we are not maximizing the stress-tensor (or R-current) OPE coefficient, but 
rather simply extracting it from a particular solution, characterized by having a maximal allowed 
dimension of [<&$]. 


In the normalization given above, a free boson has = -A] while a free Dirac fermion has 
( f) 

Crf = d, so for a free chiral multiplet we have 

4 free) = 2 cf + 4 /} =• (in) 

4 We follow the normalization of [42], in particular equation (4.2) in that reference. 
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Figure 3: The central charge, Ct, of the boundary solution, i.e. when saturates the 

bounds given in Figure 1. The crosses denote the value of Ct for a free chiral multiplet in 
dimension d. The dashed vertical lines lie at A$ = corresponding to the chiral primary 
field of the cWZ model in dimension d. 

The values of C^ lcc ' 1 for d = 2,... ,4 are shown in Figures 3 and 4 as large crosses which, as 
expected, sit at the limiting value of Ct as A$ approaches the unitarity bound in dimension d. 

The Ct plots share a lot of the structure of the plots. We find local minima (that are 

global minima within the range of the plot) at A$ = Ad corresponding to the exact dimension of 
the chiral field in the d-dimensional cWZ model. Moreover, a sharp spike appears for 3 < d < 4 
at A$ = j. This spike is a local maximum of the Ct curve rather than a minimum. Once 
more, it is not clear if this last feature persists for d < 3. There is also a third feature: another 
local minimum at the value of A$ corresponding to the third kink in the bounds plot. This also 
implies a local Ct minimum in d — 4 for the kink at A$ fa 1.4, as first observed in [26]. 

It is important to emphasize that the curves depicted in Figures 3 and 4 are not the result of 
maximizing the stress-tensor OPE and hence are not, in any strict sense, lower bounds on Ct- 
However, a preliminary comparison of A[$$j maximization and C-t minimization (analogous to 
the analysis in [29]) suggests that these two are equivalent, at least in the region A$ < \ 

more thorough investigation of this question is left to future studies. 
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Figure 4: A close-up of the curves in Figure 3. The minimum in every dimension exactly 
corresponds to (the locations of the vertical lines). Note that Ct in d = 2 lies 

precisely at 2, corresponding to the known value c = c = 1 of the lowest J\T = 2 minimal model 
(see Section 6.3). 


6.3 Two-dimensional J\f = 2 minimal models 

As there is a great deal known about two-dimensional superconformal minimal models, we can use 
them as a benchmark to compare various exactly known quantities with our numerical estimates. 
In Appendix C, we summarize some of the salient features of these theories. 


The AT = 
charge via 


2 minimal models are labeled by a positive integer k , which determines their central 

3 k 

C= k +2 ' 



Superconformal primaries in these models are labeled by two integers n = 0,..., k and m = 
—7i, —7i + 2 ,n with (holomorphic) dimension h and R-charge hi 


h 


n,m 


n (n + 2) — m 2 
4 (A: + 2) 


Q 


m 

(k + 2) ' 


(113) 


The chiral (antichiral) primaries have m = ±n, respectively. In principle, one can apply the su¬ 
perconformal bootstrap to two-dimensional conformal theories with generic spectrum and only 
(0, 2) supersymmetry. However, in our analysis, we have restricted to theories with (2, 2) super- 
symmetry and a diagonal spectrum. Our conventions imply that Ct = 2c. 


31 








































Figure 5: An extended view of the upper bound on A^j in d = 2 (with n max = 9). The blue 
crosses mark the exact dimensions of operators from various super conformal minimal models. 

The cross at (|, 2) corresponds to the super-Ising model (i.e. the k = 1 super-Virasoro minimal 
model). The dashed green like corresponds to Ar $ |i = 2A$, the expected value in mean field 
theory. 

The model with k — 1 has Ct = 2 and two super-Virasoro primary operators of dimension 
A 1±1 = | and R-charge q = ±| (and of course the identity A 0 0 = 0). The $ 1,1 x OPE 
contains only the super-Virasoro family of the identity, so that the first primary of the global 
superconformal algebra appearing after the identity is V2_iV2_i 10), which has A = 2. Indeed, 
this operator must appear in the OPE of any chiral primary and its conjugate in any local two- 
dimensional AT = 2 SOFT. This immediately allows us to determine that all hypothetical CFTs 
saturating our bounds for A$ <1 1/3 cannot be local theories. It is possible that adding more 
constraints (i.e. derivatives in the crossing symmetry relations) will bring the bound down, but 
we know that at best, it can asymptote to the line A^j = 2A$, corresponding to a supersym¬ 
metric version of mean field theory (also known as generalized free field theory). Note that the 
latter indeed does not have a local stress tensor and hence does not benefit from the standard 
enhancement to the infinite conformal symmetry in d — 2. 
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Figure 6: Central charges (left), and the OPE coefficient of [d>d>] (right), for d = 2, extracted 
from the boundary solution in Figure 5 . The blue crosses give the expected values of Ct for 
the first few super minimal-models (k = 1,..., 11). The dashed green line, Ct = 6A<j>, is the 
unitarity bound discussed in Appendix C. Both figures were made with n max = 9. 


In Figure 5, we focus our attention on the d = 2 bound and superimpose the dimensions of 
known minimal model operators. At A$ = 1, we find that the bound is very close to 2, suggesting 
that the k = 1 minimal model saturates our bound. This observation is further conhrmed in 
the left panel of Figure 6, where we show that Ct ~ 2 at this point as expected. As a further 
check we plot, in the right panel of Figure 6, the absolute value 5 of the OPE coefficient 
There is clearly a cusp at A$ = ~ |, which is indeed the expected value for this OPE 

coefficient in the k — 1 model (see Appendix C for a derivation). Let us emphasize once more 
that the OPE coefficients appearing in our figures are not computed by maximizing any OPE 
coefficient but rather are extracted from the solutions saturating the A^ bound (see [11]). 

As mentioned above, A$ = is the expected dimension of the protected operator $ of the 
cWZ model, which can be thought of as a super-symmetric generalization of the Ising model. 
The k = 1 model fits naturally into this role, being the simplest super-Virasoro minimal model. 
Moreover, it was shown in [58, 59] that precisely the minimal model with k = 1 arises from an 
Af = 2 Ginzburg-Landau theory with a cubic superpotential, i.e. the two-dimensional incarnation 
of the Wess-Zumino model. 

To the left of A$ = 1/3, we see that the upper bound on A[$$j is very nearly saturated at 
points corresponding to <3? = $ 1 , 1 , $ = $ 1 ,- 1 , [ < h < h] = $ 2,0 i n the minimal models with k > 2, 
which lie at 


A$ — 


1 

(fc + 2) ’ 


A 




4 

(fc + 2) ’ 


k > 2. 


(114) 


5 Since OPE coefficients only appear squared in the crossing symmetry relations we consider, we only have 
access to their magnitude, not their sign. 
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From the left panel in Figure 6 it seems, however, that for < 1/3, the central charges 
extracted from the boundary solutions do not precisely match those of the k > 1 minimal 
models. This suggests that the latter do not exactly saturate our bound 6 at the given constraint 
level, a phenomenon which has also been observed for the higher minimal models in the non- 
supersymmetric case. It may be that imposing further constraints, i.e. higher values of n max , 
will improve the situation but, as this is not our focus here, we leave this question for future 
explorations. 

The blue crosses in Figure 5 to the right of the super-Ising point (1/3,2) correspond to the 
fusion of i.e. the chiral primary with the highest conformal dimension in the k-th minimal 
model, with its conjugate &k,-k- As noted above, in this case, [$$] = fi_if2_i|0), and thus 
= 2. Our numerical bound does show a short plateau with Ar$$i = 2 just to the right of 
the super-Ising kink. These boundary solutions are ruled out however in a full-fledged J\f = 2 
SOFT with super-Virasoro symmetry. This can be seen by the virtue of the unitarity bound 
Ct > 6A$ max (see Appendix C), which is shown in the left panel of Figure 6 as the green dashed 
line. However, it is reassuring that Ct corresponding to the numerical solution of the crossing on 
the boundary asymptotes to Ct = 6A$, and hence to the correct value in the minimal models. 

6.4 Bootstrapping the cWZ model in 2 < d < 4 

In this section, we analyse in more detail the numerical bootstrap results at A,j> = f or 
2 < d < 4. As previously noted, this value of A$ is significant as it corresponds to the protected 
dimension of a chiral primary operator in the d-dimensional cWZ model. As the bounds for every 
2 < d < 4 in Figure 1 have a kink precisely at this value of A$, we conjecture that the bounds 
are saturated by the operator [<F$] in the d-dimensional cWZ theory. 

As argued in [45], it is likely that theories in fractional dimension are non-unitary and may 
even suffer further pathologies. Nonetheless, they provide a useful interpolation between theories 
in integer dimension, allowing us to track critical exponents and other features as a function of 
the dimensions. This idea is similar in spirit to the e-expansion. The literature on the cWZ 
model is rather sparse and very few critical exponents have been computed and only to leading 
order, see [32, 33, 36]. This motivates a companion paper [37] where we conduct a more detailed 
numerical study of the phenomenologically interesting case of d = 3. 

As discussed in Section 4, the dimension of [<&$] in this theory has only been computed to 

6 The “extremal functional method” advocated in [11] requires a very precise determination of the maximal 
scalar gap in order to yield (generically) a unique solution. Moreover, if this maximal value is sufficiently far from 
the expected value of in a particular theory, then the resulting spectrum might be quite different. 
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Figure 7: Predictions for the anomalous dimension of [TT] in the d-dimensional cWZ model. 
The e-expansion for this operator dimension is known to linear order and gives Ar^i = 2+0(e 2 ) 
so on the RHS we show A^] — 2 as a function of e. 


the first order in the e-expansion 

A^i,] = 2 — e H— = 2 + (9(e 2 ), (115) 

so we do not have precise estimates to compare with. Our numerical results for the maximal value 
of Ar$$i at A$ = (d — l)/3 are presented in Figure 7. To give a better sense for this quantity, we 
plot both the anomalous dimension A^fj — (d — 2) against the anomalous dimension A$ — 
and the difference A^j — 2 as a function of e. The latter gives an estimate for the form of the 
unknown 0(e 2 ) corrections in (115). We also plot, in Figure 8, the values of Ct at A$ = (d— 1)/3, 
normalized with respect to Ct for a free chiral field. Recall, from Figure 4, that these correspond 
to local minima of Ct which we conjecture to correspond to the d-dimensional cWZ model. 

The location of the kink and the fact that it corresponds to the exact result, Ar$$i = 2, in 
d — 2 supports our claim that we are indeed studying the cWZ theory. Moreover, equation (115) 
is consistent with what we observe in Figure 2; namely that A[$$j « 2 for 2 < d < 4. 


The strongest evidence for our conjecture comes, however, not from a critical exponent, but 
from the computation of Ct- As discussed in Section 4, it is possible to determine this quantity, 
in d = 3, by taking derivatives of the squashed-sphere partition function, a quantity that is 
exactly computable via localization. This computation yields Ct/C ^ free ^ ~ 0.7268 while our best 
numerical estimate (in [37]) gives 0.72652(33), putting the exact value just within our error bars. 
As noted in Section 6.2, we have checked (in d — 3) that for A$ < 2/3, the value of Ct extracted 
from the OPE coefficients of the solution maximizing Ar$$i does, indeed, correspond to what 
one would get using CV-minimization in the sense of [10] (i.e. it is the minimal value of Ct , as a 
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Figure 8: Our prediction for the central charge, Ct, of the cWZ model in d dimensions nor¬ 
malized by the value for a free chiral superfield, Cf ee = This data is extracted from 

the solution which saturates the bounds given in Figure 1 at A$ = ^T. The exact value in 
d = 3 can be computed via localization to be ~ 0.7268 while in this figure (n max = 6) we find 
~ 0.7260 (see [37] for a more precise determination). 

function of A$, consistent with unitarity and crossing symmetry under the very mild additional 
assumption of not having additional scalars of very low dimension). Since the exact value of Ct 
is close to saturating this lower bound (which will only increase as we increase n max ) one could 
conceivably turn this into a proof that the theory under consideration is necessarily the cWZ 
model. 
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Figure 9: Bound plots for [d^F] near d = 4 (left). On closer inspection, the kink in the bound 
plot is slightly to the right of A$ = ^1 (shown as dashed vertical lines). As explained in the 
text, we read off and plot (right) Ar^i at the bound both at the local maximum (top curve) 
and the value A$ = (bottom curve). 


Near d = 4, we expect that the e-expansion should yield good numerical estimates so, as an 
additional test of our results, we would like to check the vanishing of the O(e) term in (115) 
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by studying our bounds for small e. In Figure 9, we show the Ar$§] bounds, now computed for 
d = 3.95 — 3.99 in steps of 0.01. We expect that the low-order e-expansion should yield reasonable 
results for these small values of e ~ 0.01 — 0.05. The first thing to note about the bounds is that 
we see (at this resolution) that the kink does not exactly coincide with A$ = Ad } )U t rather is 
very slightly to the right of that value. Although we know that the cWZ theory has an operator 
exactly at A$ = Ai, we also know our bounds are not optimal (as we are using a relatively 
small number of Taylor coefficients corresponding to n max = 6), and the bound curve will move 
down as we increase the number of constraints. In fact, in [37] we show that, for d — 3, the 
minimum of the Ct curve does indeed correspond much more closely to A$ = Ad^ anc [ that as 
we add more derivatives, the kink in the A[$$i bound moves left towards A$ = Ad an q towards 
the minimum of the Ct plots. 

We will nonetheless be conservative here and estimate the value of Ami using two different 

procedures and show that our results are relatively robust. In the first approach, we simply 

extract the value of the bound at A$ = Ad. The second approach is to read off the value of 

Aat the local maximum in the left plot of Figure 9. In both cases, we ford a quadratic fit 

for A[$§] — 2 as a function of e and read off the subleading terms in equation (115). The two 

fits are shown in the right plot in Figure 9 with the lower curve corresponding to the values at 

A — d ~ l 
3 • 

The results for the two fits are: 

d 1 

A [$ *] - 2 = -0.283e 2 + 7.76 x 10" 3 e + 7.17 x 1(T 5 , A [(&#] at A* = , (116) 

o 

A[$$j — 2 = —0.648 e 2 + 22.3 x 10 _3 e + 77.4 x 1CT 5 , A[$$] at local max , (117) 

It is clear that the quadratic coefficient depends on how we choose to extract Ar$$i, meaning that 
our bounds have not converged sufficiently. What does seem rather robust however, is that the 
constant and linear pieces are orders of magnitude smaller than the quadratic piece, consistent 
with the e-expansion prediction in equation (115). 

6.5 Additional kinks 

In every dimension in the range 2 < d < 4, we clearly observe a kink at A$ = Ad which, as 
explained above, very likely corresponds to the cWZ model. For 3 < d < 4, there is also a very 
clear kink at A^ = |, but it stops being sharp below d — 3. Moreover, for 2 < d < 4, there 
is yet one more kink at some A,j> > | that is an extension of the d = 4 kink first observed in 
[26]. In this section, we initiate a very brief exploration of these two structures. We will refer to 
them as the second and third kink even though the former may not exist for d < 3, rendering 
the name “third kink” somewhat incorrect in those dimensions. Thus by “third kink”, we will 
always mean the feature located at A$ > |. 


37 



2.5 

^ 2.0 

c^i 

I 1.5 

T i-o 


<1 0.0 
- 0.5 

- 0.1 0.0 0.1 0.2 0.3 0.4 0.5 0.6 

A _ d—2 

— 




3.0 

2.5 
2.0 

1.5 
1.0 
0.5 
0.0 

1.5 2.0 2.5 3.0 3.5 4.0 4.5 


-!- 

— 

-1-1- 

+ 

▲ 



• A 

••• d=2.0 
••• d=2.2 
••• d=2.4 

••• d=2.6 
••• d=2.8 

AAA d=3 

AAA d = 3.2 
AAA d=3.4 
AAA d = 3.6 
AAA d = 3.8 
+++ d=4.0 



a ; 





• 

• 


. 

_1_ 

_ 

_1_ 


d 


Figure 10: Second kink: the anomalous dimension of Ar$$i vs that of A$ at A<j> = | for 
2 < d < 4 (left). The central charge, normalized by that of a free chiral superfield, at A<j> = | 
(right). 


In Figure 10, we plot the dimension bound for A[$$] and the central charge extracted from 
Figure 1 at = |. This kink is distinct from the hrst and third kink, and from various other 
crossing symmetry kinks that have appeared in the literature [29, 10], in two important ways. 
First, as is clear from Figure 3, it corresponds to a local maximum of the central charge rather 
than a minimum. This statement is not entirely accurate as Figure 3 is not a central charge 
bound plot, in the sense of [10], but rather the central charge corresponding to the saturating 
solution, which, a priori , may not minimize the central charge. Second, this kink occurs at a 
kinematically special point in terms of the constraints imposed by supersymmetry. Precisely at 
A$ = the two additional scalar operators allowed in the R-charged channel at dimensions 
A = d — 2A$ and A = 2A$ have equal dimensions, see (109). For this reason, one might 
suspect that the second kink is a kinematical feature of the boundary solution that may not 
correspond to any physically interesting theory. The fact that this structure does not continue 
below d — 3, whereas the coincidence of the two operator dimensions persists, might, however, 
suggest otherwise. Motivated by this possibility, in Section 6.5.1, we discuss some initial attempts 
to guess a physical theory corresponding to the second kink, and provide some guidance for others 
who would try their hand at this task. 


The third kink is much more “traditional”, since it locally minimizes Ct and also appears at 
values of A$ which do not enjoy any known significance. As mentioned before, these kinks seem 
to be a continuation of the one hrst observed at d = 4 in [26]. The third kink merges with the 
hrst in d = 2, and thus becomes the Af = 2 minimal model with k — 1. 
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Figure 11: Third kink: the anomalous dimension of A[$$j vs that of A$ for the third kink (left)-, 
the central charge, normalized by that of a free chiral superfield, for the third kink (right). 



Figure 12: Third kink: the anomalous dimension of A$ as a function of d for the third kink 
(left); the anomalous dimension of A[$^] as a function of d for the third kink (right). 

In Figure 11, we display the anomalous dimension of A[$$] as a function of the anomalous 
dimension of A$, as well as the ratio CV/Cy ee as a function of d, for the third kink. We 
determine the location of the kink by choosing the minimum of Ct (or equivalently the location 
of the kink in the A[$$i bound) up to the resolution of Figure 3, which is 7 ~ 0.005. For d = 2, 
we do not see any distinct kink and since already at d = 2.2, the location of the kinks seems to 
be merging, we assume that for d = 2 the first and third kink coincide. To exhibit the structure 
of the third kink in more detail we also provide, in Figure 12, plots of the anomalous dimensions 
of A$ and A[ $ $] at the kink as a function of d . 

'As we have not conducted any systematic convergence estimate for our bounds, we do not make any claim 
that this resolution bounds the error in any way. 
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6.5.1 Some speculations 

In this section, we would like to offer some speculations about the nature of the second and third 
kinks. 

The second kink is kinematically special, since here the two candidate scalar conformal pri¬ 
maries in the $ x $ OPE (<f> 2 , with dimension 2A$, and Q 2 T, with dimension d — 2A$) have 
equal dimensions, see (109). Between A$ — (d — l)/3 and this point, the bound on [<h5>] is 
linearly decreasing, and an analysis of the <f> x <f> OPE coefficients shows that all along this line, 
the <f> 2 operator is not present, see Figure 13. At A$ = d/ 4, the chiral scalar field T becomes a 
free held, and so it should decouple from the spectrum. At this precise point, the $ 2 operator 
reappears, and it is this transition that marks the appearance of the second kink. It is interesting 
to note that the kink persists all the way to d — 4, where it seems to lead to a very abrupt change 
in the central charge. Although our numerics present problems close to the free theory point 
in d — 4, it seems then that the second kink describes free theory with more than one chiral 
superfields. A natural guess is three chiral superfields, since this gives 8 Ct = 20, which seems to 
be very close to the asymptotic value in Figure 3. 



Figure 13: Scaling dimensions (left) and OPE coefficients (right) for the first three scalar 
operators in the the f x $ OPE, extracted from the saturating solution, for d = 3 with 
n max = 9. Operators appear in both plots with the same color (chosen according to ordering 
in the scaling dimension plot). Note the decoupling of 4> 2 at A«j> = 2/3, corresponding to the 
cWZ model, as well as at the location of the third kink at A,j> ~ 0.86. 


We are then led to guess that the second kink describes a theory with three chiral superfields, 
A", Y, Z. Furthermore, we expect a superpotential term X 2 Y, which implies that if Y becomes 
free at the fixed point, then one has Aj = d /4 as required. In d = 3, we can use F-maximization 

8 At precisely the free point, there are extra spin-1 and spin-2 currents which mix with the stress-tensor. Our 
numerics cannot disentangle these, hence the discontinuous jump to the single-field value of Ct at the free point. 
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to find the scaling dimensions of the chiral fields [60]. We have found two superpotentials which 
seem to have the right properties, namely W = X 2 Y + XZ , and W = X 2 Y + Y 2 Z 2 . In the first 
case, the fixed-point conformal dimensions (which are equal to the R-charges in d — 3), as fixed 
by F-rnaxiinization, come out to be Ay = 3/4, Ay = 1/2, and A z = 5/4. In the second case, 
one finds that the dimension of Z at the fixed point is naively below the unitarity bound. This 
signals the emergence of accidental flavor symmetries which mix with the F-symmetry, modifying 
the F-maximization procedure. This accidental flavor symmetry is accounted for by noting that 
the held Z becomes free and thus A z = 1/2. This then leads to Ay = 1/2 and Ax = 3/4. 

To distinguish between the two guesses above, we need another observable. A convenient 
choice is the central charge Ct■ As mentioned above, by computing the partition function on 
a squashed sphere, it is possible to determine t rr /t rr = Cy/Cy*, with r RR the R-current 
two-point function coefficient. For the two superpotentials above we ford 


t R r(3/4) + t rr (1/2) + t rr (5/4) 


Trr(1/2) 

t rr (3/4) + 2t rr (1/2) 

t rr (1/2) 


= 1 , 


~ 2.5603 , 


w = X 2 Y + XZ , 
w = x 2 y + y 2 z 2 . 


(118) 

(119) 


This should be compared with the ratio Ct/C R ee ~ 1.24 that we obtain from Figure 10 (to avoid 
any confusion in the formulas above, we are normalizing by dividing by the values for a single 
free chiral held). Indeed, it appears we would need A z — 1.14, which seems hard to obtain from 
a polynomial superpotential with three chiral superhelds. 

To finish the discussion on the second kink, we should mention the intriguing possibility 
that the corresponding theory is in fact non-unitary. Violations of unitarity are not necessarily 
excluded by our bootstrap methods, as long as squares of OPE coefficients remain. This exotic 
suggestion is motivated by the observation that 


4t rr (3/4) - t rr (1/2) 

t rr (1/2) 


~ 1.2413 . 


( 120 ) 


This suggest that the held theory actually contains hve chiral superhelds, but one of them has the 
wrong sign kinetic term, so that in terms of Cy, they effectively appear as three chiral superhelds. 
Considering the superpotential W = (X 2 + Z 2 + W 2 + V 2 )Y, F-maximization leads to Ay <1/2, 
which is below the unitarity bound, and signals that the held Y is actually free, i.e. Ay = 1/2. 
After taking this into account, we find Ay = A z = A w = Ay = 3/4. Hence, it appears that 
this theory has all the right properties to match our second kink. 

The attentive reader may have noticed a small sleight of hand here. When a chiral held 
becomes free, it decouples from the rest of the theory and hence stops contributing to the OPE 
coefficient of the conserved spin-2 current. Therefore, Cy derived from numerical bootstrap 
measures the two-point function of the stress-tensor of the interacting part of the CFT only, and 
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we should leave out the free contributions in (118), (119), (120). However, we expect that the 
extra held is free only precisely at the kink and not in its immediate neigbourhood, and thus we 
should include its contribution by continuity. We would then also expect that another spin-one 
superconformal primary approaches the unitarity bound as we approach the kink, providing the 
extra f/(l) symmetry of the free chiral. Unfortunately, preliminary numerical studies suggest 
that this is not so. 

Let us focus now on the line of theories for (7 — l)/3 < A$ < d/ 4. The decoupling of <L 2 
suggests a chiral ring relation <L 2 = 0. One particular such theory is the Wess-Zumino model 
with two chiral superfields T, A and a cubic superpotential of the form W = AY 2 A. Denoting the 
lowest components of the superfields by <L and T respectively, this model yields the correct OPE 
'Lx® = Q 2 T, i.e. the operator <L 2 is absent. In addition, we have the relation = (7—1)— 2A$, 
which follows from chirality and R-charge conservation. The exact dimensions in this model can 
be determined in d = 3 by E-maximization, as shown in [31], giving A$ ~ 0.708. Could it be 
that our bound is saturated by this theory? Unfortunately this is not so. In the same reference, 
the authors compute r RR ~ 0.380, whence it follows that 


Ct 

/'"Yfree 

K_yrj-I 


r RR (1/2) 


« 1.52. 


( 121 ) 


On the other hand, from Figure 4, we read off that at A$ ~ 0.708, Ct — 6, and hence Ct/C £ ee ~ 
1, very different from what we obtain above. 

Consider now the third kink, which was first observed in d = 4 [26]. Our analysis adds a few 
more pieces of information about a putative theory sitting there. First, the kink continues to 
exist all the way to d — 2, where it apparently merges with the Ct = 2c = 2, J\f = 2 minimal 
model. Second, the chiral held <L 2 disappears from the spectrum also at this kink, as witnessed by 
Figure 13. In d — 2, this corresponds to the non-existence of a dimension-2/3 Virasoro primary 
in the c = 1 model. This is a strong hint that the chiral ring of the theory at the kink has a 
relation <L 2 = 0. Since the kink does not merge with the free theory in d — 4, we do not expect it 
can be described by a Lagrangian for a collection of chiral superfields. It is concievable it arises 
as an IR fixed point of a non-abelian gauge theory in d — 4, or even an abelian gauge theory in 
7 = 3. Note that the central charge Ct in d = 4 is rather low - about 1.6 times that of the free 
chiral multiplet and only about a half of a single free vector multiplet. 


7 Discussion 

In this paper, we have investigated the constraints of the conformal bootstrap on superconformal 
held theories with four Poincare supercharges in d < 4. The cases 7 = 2 and 7 = 3 have 
not been analyzed before and thus we provide new universal bounds on unitary SCFTs with 
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J\f = 2 supersymmetry in these dimensions. We have also shown that the bounds display 
three interesting features (kinks), one of which we have conjecturally identified as the infrared 
fixed point of the single-field Wess-Zumino model with cubic superpotential. This conjecture 
is supported by the matching of the protected dimension of the chiral field, comparison of the 
value of Ct with an exact calculation by supersymmetric localization in d = 3, the structure of 
the OPE in the chiral sector, e-expansion computations, and the agreement with exact results in 
d = 2. In [37], we take this conjecture at face value to provide a detailed study of the theory for 
d = 3. 

It is clearly of great interest to elucidate the remaining two kinks. We expect that at least 
the third kink corresponds to a physical theory, since it shares many features with the better- 
understood Ising-like kinks. Perhaps a good candidate theory can be found with the correct 
value of Ct , and a gauge-invariant chiral operator <f> with the right dimension and chiral ring 
relation <f> 2 = 0. It could also be interesting to see if Ct can be derived using localization in 
continuous d , in the spirit of [61], and matched with our results for the cWZ model or used as a 
tool to probe the other kinks. 

The crucial ingredient in this work was to formulate a dimension-independent approach to 
superconformal algebras with four Poincare supercharges in d < 4. This allowed us, among 
other things, to write down the action of the superconformal Casimir on a four-point function 
as a differential equation, whose solutions in turn gave us the superconformal blocks relevant for 
the bootstrap analysis. This approach can be extended to superconformal theories with eight 
Poincare supercharges in general dimension, the parent algebra being the (1,0) superconformal 
algebra in six dimensions. Theories with this amount of supersymmetry are particularly suited for 
bootstrap analysis since, apart from the case d = 2,4, they do not admit marginal deformations. 
Work on this is currently in progress. 

It is intriguing that the supersymmetric conformal blocks can be recast as non-supersymmetric 
ones with shifted external dimensions. In this paper, we have extended this observation, previ¬ 
ously noted in [40] for d — 2,4, to any dimension and more general external operators. In the 
same reference, the authors showed that certain J\f = 2 superblocks in four dimensions are given 
by a similar expression, this time with a shift by two units. It would be interesting to see if there 
is any deep reason for this connection and if the latter result also extends to other spacetime 
dimensions. 

We have only briefly touched upon the extension of our analysis to d < 2. While the super¬ 
conformal blocks we derived should be valid in any d < 4, it is not clear whether one can use 
the numerical bootstrap techniques to extract interesting information in d — 1 [62], This cer¬ 
tainly deserves further study since superconformal quantum-mechanical models are ubiquitous 
and should be dual to the AdS^ near horizon regions of some extremal black holes. 
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Another interesting avenue for future exploration is to combine the constraints from super- 
conformal symmetry studied here with the simplifications that occur in large N CFTs, i.e. when 
correlation functions factorize. This was explored to some extent with J\f = 4 supersymmetry 
in d — 4 in [18] but much remains to be understood. The interest in this problem stems in part 
from the AdS/CFT correspondence and the fact that string theory leads to a vast landscape of 
holographic duals to SCFTs with four supercharges. 
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A OPE derivation of 3d J\f = 2 superconformal blocks 

In this Appendix, we provide further evidence for the formulae (66), (67) by explicitly deter¬ 
mining the coefficients a* from constraints imposed by d = 3, J\f = 2 superconformal invariance 
on the OPE. 9 As a first order of business let us present the explicit realization of the d = 3, 
Af = 2 algebra. The bosonic generators are just the conformal generators and the R-charge 
{R, Mij, D , Ki}. They satisfy the commutation relations already presented in (1). A realiza- 

9 It is quite possible that these results can be derived also using techniques from superspace similar to the ones 
in [63]. 
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tion of these commutation relations in terms of differential operators is given by 


Mjk \(Xjd k ) > 

Kj = —i (xkX k dj — 2xjX k dk) , (122) 

Pj = —i dj , D = ix k d k , R = r . 


Note that the action of the conformal generators on operators in the CFT picks up a minus sign 
relative to ( 122 ). See the discussion around equations (2.28)-(2.31) in [44], 

The fermionic generators are Q±, S a± , where a = 1,2 is the Dirac index. The Dirac rep¬ 
resentation is self-dual, with the isomorphism with the dual representation provided by the 
antisymmetric tensor e 12 = —e 21 = 621 = —612 = 1. Thus in d — 3 there is no real distinction be¬ 
tween the a and a index used in Section 2 and we will omit the dots in this Appendix. Hermitian 
conjugation acts as (Q^V — S aZf . Let (<Xj) Q , g be the usual Pauli matrices 


cri = 



and further define 



X^ijOLp G i 


p ’ 


(cr,) a P = (a. 


a 7/3 
1 ) 7 C > 




7 M3 
1 ) S e 


(123) 


(124) 


The action of the bosonic generators on the fermionic ones is then 

[«.OS=±Ot. [R,S a± ] = ±S a± , 

[Vy. = by kWkfaQ *, [My, S“ ± ] = hyt(fft) s ”S' J± , 

2 . 2 (125) 

= [ AS “ ± ] = is « ± , 

[Pi, S a± ] = , [Ki,Qi] = (a,,)p a S 2± , 


with all other commutators vanishing. Note that £ l j k is the completely antisymmetric tensor in 
three dimensions. Finally, the anticommutation relations among the fermionic generators are 

{Qt, Qp} = Pii°iU 1 (S Q+ , = Kfa )'#, 

{A Q “, gj} = (i D - R)8 a p + i EijhMijiGkYp , (126) 

{S a+ ,Qp}- = (iD + R)5 a p + -£ijkMij(ak) a p, 

with all other anticommutators vanishing. This algebra is of course in harmony with the general 
presentation in Section 2 of the superconformal algebras in d < 4. 
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Generalities 

Let us first consider a CFT without supersymmetry and review how a conformal multiplet, with 
primary of dimension A in the symmetric traceless representation of spin s, contributes 

to the four-point function, (01020304), of scalar primaries 0* of dimensions A*. Define the OPE 
coefficient, by writing the contribution of the conformal family of V to the 0i x 02 OPE 

as 10 

01 (a) 102 ) = ••• + C 010 2 k|^ Al_A 2 +A "V 1 ...x* s [|Pi 1 ... is ) + desc.] + ... . (127) 

The contribution of level-one descendants in the square bracket is 

desc. = a{x ■ P)\V h ...i s ) + / 3 x h P 3 T0,. ..;..) + . .. , (128) 


where 


a = 


P = 


1 A + A 12 + s 

2 A + s ’ 

i_ _ sa 12 _ 

2 (A + s)(A — s — 1) ' 


The two-point function of V and its conjugate V takes the form 


(Vh...is(x)V h .“ js (y)) 


fvv 

x-y\ 


2A 


^ si n 

crGSs n= 1 


traces 


where S s is the permutation group on s elements and 

It is useful to note that the coefficient f v p also appears in the scalar product 

{'Ph-.isl'Pji-js) — fvv ten ^inja(n) traces 

V o-£S s n= 1 



(129) 


(130) 


(131) 


(132) 


With these normalizations, the contribution of the conformal family to the four-point function 
is 


(01 (^l)0 2 (^2)03 (^3)04(^ 4 ) )|p = 


f _ V V 1 

JVV C <t>l<t>‘ 2 C 4>3<l>4 

0?24 

|A 12 

0h4 

A 34 


Al+A2 £34 A 3 + A4 

0U4 

|A 12 

0^13 As4 


v) 


(133) 


where G^'0 A34 (u, v) is the conformal block whose normalization is determined as in (65). The 
following derivation of the superconformal blocks relies on the observation that when 0* are 

10 In this appendix we freely use the operator-state correspondence, which is valid in any CFT in Euclidean 
signature. The state corresponding to an operator </>(x) will be denoted by | <j>). 
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superconformal primaries and 0 ^3 chiral primaries, superconformal symmetry fixes the OPE 
coefficients and two-point functions of all contributing conformal primaries from the same super¬ 
conformal multiplet in terms of those of the superconformal primary. 

Consider now the correlator (01020304) in a 3d, J\f = 2 SOFT, where 0* are scalar super¬ 
conformal primaries, with 0i ; 3 chiral, i.e. [Qj,0i, 3 ] = 0. We wish to determine which conformal 
primaries in the superconformal family of a superconformal primary V can appear in both the 
OPE of 0! x 02 and the OPE of 03 x 04. Only those conformal primaries can contribute to the 
above four-point function. Consider the OPE 0i(x)|02). It follows from the chirality of 0i and 
the superconformal algebra that [S a+ , 0i(x)] = 0. Hence 

5'“ + 0 1 (^)|0 2 ) = 0 , (134) 

since 02 is a superconformal primary. Similarly, 

*S'“ _ 0 3 (^)|0 4 ) = 0 . (135) 

Consequently, the conformal primary with the lowest dimension from a given superconformal 
family that contributes to both OPEs must be annihilated by S a± , and thus this operator is 
necessarily the superconformal primary. It follows that the superconformal primary has integer 
spin and its R-charge is given by q = qi + q 2 = — <73 — < 74 . Let us denote this operator with V^] is , 
and its dimension and spin with A and s, respectively. All other contributing conformal primaries 
from the same supermultiplet must have integer spin and R-charge q. The conformal primaries in 
the multiplet have dimensions A + n/ 2 , with n — 0,..., 4 labelling the number of Q supercharges 
acting on is . These operators have integer spin only when n is even. For s > 0 and generic 
A — \q\, there are four candidate conformal primaries with dimension A + 1 . V (i> with spin 
s + 1 , with spin s — 1 , and V H , V h , both with spin s. All four can be obtained by acting 
with linear combinations of the products 011 Consider the action of spacetime parity 

x l 1 —y —x l . A proper tensor of spin s transforms as (—l) s , while a pseudotensor as (—l) s+1 . The 
supercharges Q± “square to the momentum”, and thus must transform such that any product 
transforms as Q^Q]j | —t L follows that V^ l \ V (2> have the same parity as V while 

V + ~, V~ + have the opposite. In theories invariant under parity, this gives an argument why 
only V (L and can contribute. However, the Casimir approach from the main text does not 
require parity invariance and thus shows that our formula for superconformal blocks is valid in 
general. Finally, there is a conformal primary with dimension A + 2, spin s and R-charge q, 
obtained from V ^ by acting with a linear combination of products of four Q' s, which can also 
contribute to the four-point function. In the following subsections, we show how the constraints 
(134) and (135) fix the OPE coefficients of V^ 2 \ and V ^ in terms of those of and also 
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compute the two-point functions /-pw-pw for i — 1,2,3 in terms of fpmpm- We find that 


a.j = 


„ ■p(i) -p(i) 

Jp(.i)p(i) C <t>l(t>2 C <t>3<t>4 

fvwpm egg egg ’ 


reproduce the results in (67) for d — 3. 


The contribution of V (1 ^ 

It is useful to define the operator 


(136) 


Tj{x,y) = {(Tj)^ [{x-y)QlQp - (x + y)Q a Q^] . (137) 


An explicit expression for is then given by 


IT 


(!) 

h—is+i 


) = 


s+1 


s + 1 ^ 

n= 1 


T in (A + s,q)\V r 


(0) . 


) — traces, 


(138) 


where the notation i\... i n ... i s+ i means that the index i n is omitted from the string of indices, 
and the traces are subtracted to make the resulting state traceless. Applying S+ to the OPE 
0i (x) | 02 ) mixes the contribution of level-one conformal descendants of V^°\ (128), with that of 
the conformal primary V^. Requiring that the result vanishes and looking at the coefficient of 
the highest power of z = X\ — ix 2 leads to 


p>(i) _ i(A + A 12 + s) -p(o) 

C *'* 2 ~ _ 4(A + s)(A + 3 + 1)(A + 3 + ’ 


(139) 


and hence also 


pm _ i(A + A 34 + s) p( 0 ) 

C * 3 *‘ ~ ~4(A + s)(A + s + 1)(A + s - ' 


(140) 


Note the opposite sign of the R-charge in the denominators of (139), (140) resulting from the 
presence of the conjugate operator. The two-point function can be found by using the supercon- 
formal algebra 


/p(i)p>(i) — 8 (A + s)(A + s + 1 )(A + s + q)( A + s — q)fp( o)-p(o) • 


Putting the pieces together, we find 


(l l — 


fpmpm 

fp(0)p(0) 


pm pm 

p(0) p{ 0) 


(A + A 12 + s)(A + A 34 + s ) 
2 (A + s)(A + s + 1 ) 


(141) 


(142) 


in agreement with (67). 
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The contribution of V (2 ^ 

The conformal primary V ^ is given by the contraction 




( 0 ) 


(143) 


so that the resulting state is automatically symmetric and traceless. Using again (134), and this 
time looking at the next-to-leading power of 5 = x\ — lr 2 fixes 

is(A + A 12 - s - 1) 


and similarly 


r p(2) ^ 

L 01</>2 


c vW = . 

W>3</>4 


' p(.0) 

'4(2 S + 1)(A - s)(A -s- 1)(A - S - 1 + qf ^ 4 ’ 2 ’ 
is(A + A 34 — s — 1 ) 


4(2s + 1 )(A — s)(A — s — 1 )(A — s — 1 — q) 


•pi 0 ) 

<t> 304 ‘ 


leading to 


ci 2 — 


fpi 2 )p( 2 ) ^02 C ^ 3(/>4 _ S 2 (A + A 12 — s — 1)(A + A 34 — S — 1) 


frmpm cj^cj^ 

in harmony with (67) for cl = 3. 


2(4s 2 — 1 )(A — s)(A — s — 1 ) 


(144) 


(145) 


The norm of IT^ 2 )) is 

f V { 2 )p( 2 ) = 8 ^ S ^ (A - s)(A - s - 1 )(A - s — 1 + q)(A - s - 1 - qjfpmpw , (146) 

(ZS ij 


(147) 


The contribution of 'P :: ' 


In order to be able to write a relatively compact expression for V^ 3 ’ it is convenient to define 
the following operator, which takes symmetric traceless tensors of spin s and dimension A, into 
symmetric traceless tensors of spin s, dimension A + 1 , and opposite parity 




71—1 


where a, b — ± are R-charge indices, 77 G C, and is the standard antisymmetric tensor with 
£123 = 1. This operator is useful also to write down the other four conformal primaries with 
dimension A + 1. We find that 


\r + -} = ty:i + „|p (0) >, 

\p~ + ) = \v m) ), 

|P ++ ) = t/,+ + |P <0 >), 

\p-) = u--\v^), 


(149) 
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are conformal primaries, the first two of which have been discussed below (135). The parameter 
r) is arbitrary for the last two cases since the second part of (148) drops out by the symmetry 
of (c Tj ) a ‘ 3 , and the anticommutativity of supercharges of the same R-charge. We must remember 
that U^ b acts not only on the Hilbert space, but also on the vector indices. The conformal 
primary of dimension A + 2 and spin s can then be written as 


\V< 3 >) =(A + 0 — S)(A — S — 1 — q) (urur - Ut M Utl l+ , - U A +,U+Z 1+q ) |P (0) }+ 
+(A + s + «)(A — 8 — 1 + q) (urut* - U A t,UlU., - |P<»>). 


(150) 


Note that the second line is obtained from the first by flipping all R-charge indices and the sign 
of the R-charge. Using once again (134), and looking at the leading power of z for the lowest 
scaling dimension where [P contributes, one can show that 


J>( 3 ) _ 

C <t>l<t>2 — 


16(4A 2 


(A + A 12 + s)(A + A 12 — s — 1 )c^lj 2 
1 )(A 2 - s 2 )(A 2 - (s + 1 ) 2 )(A + s + q)( A -s-l + q)’ 


and so 


-p( 3) 

C <t>3<p4 


16(4A 2 


(A + A 34 + s)(A + A 34 — S — 1 )CfoJ 4 _ 

1 )(A 2 — s 2 )(A 2 — (s + 1 ) 2 )(A + s — q)( A — s — 1 — q) ' 


(151) 


(152) 


The norm is 


/ PW =64A 2 (4A 2 -l)(A 2 - S 2 )(A 2 -( S + l) 2 )((A + S ) 2 -g 2 )((A- S -l) 2 -g 2 )/ pW , (153) 
so that 


_ f-p( 3)77(3) C ^i(/> 2 C ^ 39 i 4 _ ^ 2 (^ + A 12 + s)(A + A 12 — s — 1 )(A + A 34 + s)(A + A 34 — s — 1) 

“ 3 “ s-pmtm cj®> cj™ “ 4(4A*-1)(A’-S* )( A*-( S + 1)S) ’ 

(154) 

in complete agreement with (67) for d = 3. 


B Decomposition of the generalized free chiral correlator 

A natural solution to the crossing equation using the conformal blocks in (64) in both channels 
corresponds to the supersymmetric analogue of the generalized free field. The elementary fields 
of this theory are a chiral scalar primary 4>(x) of dimension A^, its supersymmetric descendants 
- a fermion i]) a {x) = (Q~(f>(x)) t and the auxiliary field F(x) = e afe Q~Q^0(a;), as well as their 
conjugates. The correlators are computed using Wick’s theorem, where each field only couples 
to its conjugate. The decomposition of the correlator (0000) into ordinary conformal blocks was 
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given in [64], We can use this decomposition together with (66) to find the decomposition into 
superconformal blocks 


(0(Xi )4>{X2)4>{Xz)4>{Xa)) = 


i + iW‘ 


|xi 2 | 2 A ^|x 3 4 | 2A ^ l ^v j 

1 


|* 12 | 2A *|*34| 2A * 


Pn.^X+ 2 n+-.»( U ’ U ) 


n,s> 0 


(155) 


where 

Pn,s = 


(a* -1 +1); 


n!s! (2A^ + 2n + s) s (s + |) n (2A^ + n — d + 2) n (2A^ + n + s — | + l) n 


(156) 


and (x) n = r(x+n) /r(x) is the Pochhammer symbol. This decomposition serves as a further test 
of the validity of the superconformal blocks in (64). The result in (155), (156) strongly resembles 
the decomposition of the four-point function of non-supersymmetric generalized free fields into 
ordinary conformal blocks given in equation (43) of [64]. In fact the two results are identical to 
each other (up to an overall normalization) if one fixes Ai = A 2 = A^ in equation (43) of [64], 
and performs the shift 2A^ 1 —>■ 2A<^ — 1 in the denominator of (156). This is reminiscent of the 
observations in Section 3.3. 


C Af = 2 minimal models 


Generalities 


Here we collect some well-known facts about Af = 2 minimal models in two dimensions, see 
for example [65]. For a discussion on Af = 1 minimal models see [66]. The (holomorphic) 
infinite-dimensional Af = 2 superconformal algebra in two dimensions is: 


[F m , Ln] 
[L m , Gy ] 

\Arni t^n] 


— ( m 3 - m) 8 m+nfi + (m - n) L m+n , 

2 J w m+r ? 

Tl j 

2 ^r+5,0 “f - 2L r+s -\- (t s)f2 r _|_ s , 


(G+,G+} = {G-G;} = 0, 
[fi n ,G±] = ±G; 


d= 

r+n ’ 


^n] g ^^771+72,0 • 


(157) 


Here m and n are integers and in the NS sector r and s are half-integers. The modes of the 
energy momentum tensor are L m , those of the superconformal R-symmetry are and the two 
supercharges have modes Gf. The real number c is the (left or right moving) central charge and 
it is related to the conformal anomaly of the CFT. 
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The finite, s/(2|l), subalgebra of the superconformal algebra, given in (20), is obtained from 
(157) by restricting to the generators {L_ 10) i,f2 = O 0 , Unitary representations of the 

infinite-dimensional J\f = 2 superconformal algebra exist for any real c > 3 and for the discrete 
values 

3k 

c= —, k = 0,1,2,.... (158) 

This discrete series is usually referred to as the J\f = 2 minimal models. The dimensions and 
R-charges of the superconformal primary operators in the NS sector of the k-th minimal model 
are labeled by two integers m and n 


h = 


n(n 


2 ) 


m 


4(/c + 2) 


n 


m 

k + 2 ’ 


0 < n < k , —n < m < n , m + n = even . 


(159) 


The fusion rules for J\f = 2 minimal models are derived in [67, 68] (see also [69]). 11 The super¬ 
conformal primaries in the k-t\i minimal model will be denoted by 0 n ,m- The fusion rules are 
then 


m 2+ n 2 

2 


0ni,mi X (f). 


712,7712 


E 


^711—7712+271,7711+7712 


(160) 




The k-th J\f = 2 minimal model has a Zfc + 2 symmetry generated by some of the primaries 
in the Ramond sector, see [67]. Chiral, antichiral primaries are superconformal primaries also 
annihilated by G+y 2 , G I 1//2 , respectively, which is equivalent to = ±2 h. In the minimal 
models, these are operators with m = ±n, respectively. 

One can derive a universal bound for the central charge of a two-dimensional J\f = 2 SOFT 
using the infinite-dimensional superconformal algebra, see for example [70]. Using unitarity and 
the algebra in (157) one finds 


0 < (0|{G+3 /2 ,G' 3 / 2 }|0) 


( 2 L 0 - 3f! + 




(161) 


for any superconformal primary \<p). Thus we arrive at the following constraint for the dimension 
and R-charge of any superconformal primary 

2h - 30 + ^ > 0 , (162) 

o 

which becomes h <cj6 for a chiral primary. The bound is saturated only if the state G+, 2 |0) is 
null. The highest-dimension chiral primary in every minimal model has m — n — k and saturates 

n Notice that there is a factor of 1/2 difference between our conventions for the R-charge and the ones in 
[67, 68], 
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the bound. If we have a unitary (2,2) SOFT with a diagonal spectrum, i.e. h = h = A/2, we 
arrive at the following lower bound on the central charge 

C T > 6 A max , (163) 


where A max is the highest dimension of a superconformal primary in the theory. One can repeat 
the same analysis with the state Gh 2 p+ 1 w 2 \(p) with p — 1, 2, 3,... and find the bound 


Ct A 


12 

p+ 1 


A 


max 5 


(164) 


Clearly the strongest bound is obtained for p = 1 as in (163). 

In Section 6.3 we claimed that in every unitary CFT with J\f = (2,2) supersymmetry there 
is always an operator (or state) of dimension A = 2 which is a superdescendant of the identity. 
This state is given by 

O_iO_i|0) , (165) 


where |0) is the NS vacuum and 0_i is defined in (157). This state clearly has dimension 
A = h + h = 2 and R-charge q = 0 + 0 = 0. Moreover its norm is given by 

c 2 

< 0 |S^ 1 Q 1 S^_ 1 Q_ 1 | 0 > = — . (166) 

9 

Therefore in a unitary theory the state is never null since c > 0. 


Super-Ising in d = 2 

The theory with c = 1 can be realized in terms of a single compact boson, p, at a specific radius 
R = y/3 [71, 69]. There are three superconformal primary operators 

0i,±i =: : , 0o,o = 1 • (167) 

The operator (j>i i is chiral with A = q /2 = |, and is identified with the (holomorphic part of 
the) operator in Section 6.3. Similarly the operator is antichiral with A = — q/2 = |, 
and is identified with the operator 4>. One can now use the formula 

. .. giM 2 2) ._ f Zi _ z ^yb . ^ia<p(zi)-\-ib<p(z2 ) . , (168) 

where a and b are some constants, to find the OPE 

1 i 

0i,i(-i)0i,—1 (-2) ~ 7y- _ ^ )1/3 + -J=a 22 ^(^)(^i - z 2 ) 2/3 + ... . (169) 

We normalize all two point functions in the theory to have coefficients 1 and define the operator 
O e (z) = i d z ip(z), which has dimension h — 1. The operator of dimension A = 2, which should be 
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identified with [<£><£>] from Section 6.3, is obtained by taking O e (z)O e (z) = d z (p(z)dz<p(z). Another 
useful OPE is given by 


i d Zl <p(zi) ■ e ia<PiZ2) ■ 


■ gi aif(z2) 


a- 


+ ... 


Z1 ~ Z 2 

With these OPEs at hand one finds the following three point function 

(01,1 (O —1 (^ 2 ) (^ 3 ) ) — 


V3 (zi ~ z 2 ) 2/3 (z 2 - z 3 )(z 1 - z 3 ) ' 

Combining the left and right-moving sectors one finds the three-point function 

_ _ _ _ 1 1 

($(Z,,Z1)$(Z2,Z 2 )[4$](Z3,Z 3 )) = 


(170) 


(171) 


3 |zi - Z 2 h 4/3 |Z 2 - Z 3 | 2 |Zl - z 3 | 2 ' 

Thus we hnd that the OPE coefficient denoted by is given by 

1 

(tjxj, [<£,,£,] — . 

This matches nicely with the numerical value at the kink in the right panel of Figure 6 . 


(172) 


(173) 


A comment on two supercharges 

Finally, let us mention a tangential observation about bootstrap of (1,1) SCFTs in d — 2, 
complementing the results of [28] with Af = 1 supersymetry in d — 3. Analogously to that study, 
also with ( 1 , 1 ) supersymmetry in d — 2 , the superconformal blocks are equal to the conformal 
blocks, so that there are no additional constraints from crossing symmetry besides the numerical 
bounds obtained in [ 8 , 9]. However, it may happen that the leading scalar appearing in the cr xcr 
OPE is the superdescendant of a itself. In this case, we have the extra constraint A[ cto .] = A a +1. 
The result is that the two lines intersect at A CT ~ 1/5 and A e « 6/5 for d — 2. These dimensions 
correspond to the Virasoro minimal model with central charge c = 7/10, i.e. the tricritical Ising 
model. This is in fact the first Af = 1 minimal model [ 66 ], in harmony with the analogous results 
of [28] in d — 3. 
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